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๏ Forward models in imaging 
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When analytical solutions are not enough

๏ Plug-and-Play Priors (PnP) at large scales 
When traditional optimization is not enough
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“Images are obviously made of sine waves…”



Example imaging operator:  
Fourier transform is extensively used in MRI

Fourier transform: F : L2(Rd) ! L2(Rd)

f̂(!) = F{f} =

Z

Rd

f(r) 2�Dh!,ri /r

Inverse Fourier transform (reconstruction formula)

f(r) = F�1{f} =
1

(2⇡)d

Z

Rd

f̂(!) 2Dh!,ri /!
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Fourier transform: F : L2(Rd) ! L2(Rd)

f̂(!) = F{f} =
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ym = hhm, fi =
Z

Rd

hm(r) f(r) /r
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As a measurement function: hm(r) = 2�Dh!m,ri (complex sinusoid)
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Example imaging operator:  
Fourier transform is extensively used in MRI

Linear forward model for MRI

ŝ(!m) =

Z

R3

s(r)e�jh!m,ri dr
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sampling of Fourier transform

r = (x, y, z)
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Healthcare spending across the globe is increasing at a 
shockingly high rate. In the United States, healthcare costs 
are expected to reach 20% of its gross domestic product 
(GDP) by 2025, and in China, healthcare costs have grown at 
a compound annual growth rate of 15% between 2010-2015 
and are expected to reach $1 trillion by 2020-2021[3, 4]. 
This trend has led to the emergence of value-based 
healthcare reimbursements, in which reimbursements are 
based on patient outcomes rather than procedures.  
A recently conducted survey shows that healthcare providers 
and payers in the United States expect value-based 
reimbursement to surpass volume-based reimbursements by 
2020[5]. This shift requires better care at lower costs. 

One way of addressing this is by accelerating scans. The 
parallel imaging technique SENSE, which later evolved to dS 
SENSE after the dStream platform was introduced, greatly 
accelerated MR image acquisition by under-sampling the 
data and using coil sensitivity information to restore the 
full image. Yet despite these and other advances, more 
acceleration is needed.

Recent advances in compressed sensing technology make 
it possible to reduce scan time beyond that of conventional 
parallel imaging accelerated scans. Building on principles 
of compressed sensing and the best of SENSE, Philips 
introduces Compressed SENSE, speed done right, every time. 

Why is it important to increase 
productivity?

How can Philips’ Compressed SENSE produce a paradigm shift in productivity? 

Compressed SENSE is built on compressed sensing, a breakthrough approach to 
accelerating imaging. By also incorporating components of Philips’ SENSE, it delivers 
sharp images for all 2D and 3D scans in all anatomies with all anatomical contrasts. 

What is the technique compressed sensing?
Compressed sensing is a signal processing technique built 
on the fact that signals contain redundant information. 
Compressed sensing was developed by David Donoho[6], 
while in the same period Emmanuel Candès, Terence Tao 
et al.[7, 8] showed the same principles. The initial evidence 
that image data can be compressed comes from digital 
photography. To address the issue of storage of large 
digital image files, several image compression techniques, 
such as jpeg, were developed. The realization that image 
compression was possible without loss of detail led to the 
intriguing question of whether this could be turned around: 
If all the data is not needed to store the relevant information, 
why should it be acquired? 

In MR, in which acquisition times are determined by the 
relaxation properties and proton densities of tissues, the 
relevant question about compressed sensing is this: Can a 
full image be reconstructed from severely under-sampled 
data in k-space? The answer to this question was provided 
by Lustig et al[9] and soon after by several research groups 
for very specific applications. While these studies were all 
specific to a single type of acquisition and contrast, they 
showed that acquisition times could be reduced, while 
maintaining virtually equivalent image quality. 

Conditions required for compressed sensing in
clinical practice
Compressed sensing is concerned with the whole chain of 
acquisition strategy, signal processing and reconstruction. 

In general, compressed sensing can be exploited in clinical 
practice under the following four conditions: 
• The under-sampling pattern needs to promote noise-like 

incoherent artifacts.
• The data needs to be sparse either directly or in a 

transform domain. 
• Combination with current parallel imaging technology to 

leverage further acceleration on phased array coils.
• An iterative reconstruction implementation that balances 

data consistency and sparsity needs to be present. 

How does compressed sensing benefit from a sampling 
pattern that promotes incoherent artifacts? 
When data is completely sampled, all of the information is 
available to reconstruct the image (Figure 1A). Under-sampling 
the data is one way to accelerate scanning. The way that the 
data is under-sampled dictates the kind of artifacts that can 
occur in the images. If the data is uniformly under-sampled (as 
it is for SENSE and other parallel imaging techniques),  
the result is regular, back folding artifacts (Figure 1B).  
For compressed sensing, these structured artifacts are difficult, 
if not impossible, to separate from the signal (Figure 1C). 
Therefore, compressed sensing benefits from a sampling 
scheme in which artifacts are distributed incoherently 
over the image. This can be achieved by a variable density 
incoherent under-sampling (Figure 1D). Because most of 
the energy of the MR signal is in the center of k-space, the 
sampling pattern is adjusted so that the center is more 
densely sampled than the periphery to achieve the typical 
non-uniform sampling patterns that are usually used for 
compressed sensing. 

Figure 1. Various sampling patterns and the resulting images. 

We can reduce the time needed per patient. By adding Compressed SENSE to 
multiple sequences in an exam, we can accelerate our examinations by 20-40%, 
and that’s very good for the patients.

Dr. Sabine Sartoretti 
Kantonsspital Hospital, Switzerland
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Example imaging operator:  
Fourier transform is extensively used in MRI

Linear forward model for MRI

ŝ(!m) =

Z

R3

s(r)e�jh!m,ri dr
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Extended forward model with coil sensitivity

ŝw(!m) =

Z

R3

w(r)s(r)e�jh!m,ri dr
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over the image. This can be achieved by a variable density 
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the energy of the MR signal is in the center of k-space, the 
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Example imaging operator:  
Radon transform is extensively used in tomography

Projection geometry: r = t✓ + r✓?, ✓ = (cos ✓, sin ✓)
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Radon transform computes  
line integrals of the object:

_✓{f(r)}(t) =
Z

R
f(t✓ + r✓?) /r

=

Z

R2

f(r)�(t� hr,✓i) /r
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image and its sinogram

Unser and Tafti, “An Introduction to Sparse Stochastic Processes,” 2014



Example imaging operator:  
Radon transform is extensively used in tomography

Projection geometry: r = t✓ + r✓?, ✓ = (cos ✓, sin ✓)
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As a measurement function: hm(r) = �(tm � hr, ✓mi)
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Central slice theorem relates projections to the 
Fourier transform of the object

Radon transform: p✓(t) = _✓{f}(t, ✓)
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Fourier transform
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Central slice theorem relates projections to the 
Fourier transform of the object

Radon transform: p✓(t) = _✓{f}(t, ✓)
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1D and 2D Fourier relationships: 

p̂✓(!) = FR.{p✓}(!)
f̂(!) = Fk.{f}(!) = f̂TQH(!, ✓)
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Fourier transform
1D Fourier of data

2D Fourier of image

Unser and Tafti, “An Introduction to Sparse Stochastic Processes,” 2014



Central slice theorem relates projections to the 
Fourier transform of the object

Radon transform: p✓(t) = _✓{f}(t, ✓)
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Fourier transform

1D and 2D Fourier relationships: 

p̂✓(!) = FR.{p✓}(!)
f̂(!) = Fk.{f}(!) = f̂TQH(!, ✓)
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Central-slice theorem relates 
projections to Fourier sampling:

p̂✓(!) = f̂(! +Qb ✓,! bBM ✓) = f̂TQH(!, ✓)
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Establishes Fourier relationship 
between data and image

Unser and Tafti, “An Introduction to Sparse Stochastic Processes,” 2014
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Proof for angle zero:

Establishes Fourier relationship 
between data and image

f̂(!, 0) =

Z +1

�1

Z +1

�1
f(x, y) 2�D!x /x/y =

Z +1

�1

✓Z +1

�1
f(x, y) /y

◆

| {z }
p0(x)

2�D!x /x = p̂0(x)
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Proof for angle zero:

Establishes Fourier relationship 
between data and image

Question: How to generalize to other angles?

f̂(!, 0) =

Z +1

�1

Z +1

�1
f(x, y) 2�D!x /x/y =

Z +1

�1

✓Z +1

�1
f(x, y) /y

◆

| {z }
p0(x)

2�D!x /x = p̂0(x)

<latexit sha1_base64="2NbRvrjTAHSgkyqUbnMNLAF3YJ4="></latexit><latexit sha1_base64="2NbRvrjTAHSgkyqUbnMNLAF3YJ4="></latexit><latexit sha1_base64="2NbRvrjTAHSgkyqUbnMNLAF3YJ4="></latexit><latexit sha1_base64="2NbRvrjTAHSgkyqUbnMNLAF3YJ4="></latexit>



Most imaging systems can be  
characterized with a forward model



Most imaging systems can be  
characterized with a forward model

2D or 3D 
tomography coherent x-ray yi = R✓ix parallel, 

cone beam, spiral sampling

Modality Radiation Forward model Variations

Cardiac MRI
(parallel, non-uniform)

gated or not, 
retrospective registrationradio frequency

yt,i = FtWix

Wi: coil sensitivity

Magnetic resonance
 imaging (MRI) radio frequency y = Fx uniform or non-uniform 

sampling in k space

Optical diffraction
 tomography coherent light

with holography
or grating interferometryyi = WiFix

structured illumination 
microscopy (SIM)

fluorescence
yi = HWix

H: PSF of microscope
Wi: illumination pattern

full 3D reconstruction, 
non-sinusoidal patterns

3D deconvolution 
microscopy fluorescence brightfield, confocal, 

light sheety = Hx

Positron Emission 
Tomography (PET)

yi = H✓ixgamma rays list mode
with time-of-flight

Discretization: Finite dimensional formalism

16

y = y0 + n = Hs+ n

(M ⇥K) system matrix : [H]m,k = h⌘m,�ki =
Z

Rd

⌘m(r)�k(r)dr

Signal vector: s =
�
s[k]

�
k2⌦

of dimension K

s(r) =
X

k2⌦

s[k]�k(r)

Measurement model (image formation)

ym =

Z

Rd

s(r)⌘m(r)dr + n[m] = hs, ⌘mi+ n[m], (m = 1, . . . ,M)

⌘m: sampling/imaging function (mth detector)

n[·]: additive noise
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Currently active collaborations at CIG



Discretization: Continuous domain formalism  
easily reduces to a noisy linear system



Discretization: Continuous domain formalism  
easily reduces to a noisy linear system

Representation with basis functions: 

f(r) =
X

k2⌦

f [k]�k(r)
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Question: What type of 
representation is offered by sinc?

Unser and Tafti, “An Introduction to Sparse Stochastic Processes,” 2014
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Signal vector: 7 = {f [k]}k2⌦ 2 Rn
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Discretized measurement model:

yi =

Z

Rd

f(r)hi(r) /r + ei = hf, hii+ ei, (i = 1, . . . ,m)
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Question: What are the sources of noise?

Unser and Tafti, “An Introduction to Sparse Stochastic Processes,” 2014
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[>]i,k = hhi,�ki =
Z

Rd

hm(r)�k(r) /r
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linear system of equations

Unser and Tafti, “An Introduction to Sparse Stochastic Processes,” 2014



To conclude “forward models”

Many imaging problems reduce to 
solving large and noisy linear systems

) v = >7 + 2
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(assuming noise is negligible)

Inverse problem is well posed if 9c0 > 0 s.t., for all s 2 X , c0ksk  kHsk

Inverse problems in bio-imaging

3

noise

n

Linear forward model

s
Integral operator

H

y = Hs+ n

Problem: recover s from noisy measurements y

Backprojection (poor man’s solution): s ⇡ H
T
y

) s ⇡ H
�1

y

The easy scenario

4

Part 1: 

 Setting up
 the problem
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y = Hf + e
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Setting up the right forward model is a big step  
towards being able to form high quality images



Today we will talk about

๏ Forward models in imaging 
Relating the unknowns to the measured data

๏ Notions of ill-posedness and regularization 
When measurements are not enough

๏ Optimization at large scales 
When analytical solutions are not enough

๏ Plug-and-Play Priors (PnP) at large scales 
When traditional optimization is not enough



What makes imaging inverse problems difficult?
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Healthcare spending across the globe is increasing at a 
shockingly high rate. In the United States, healthcare costs 
are expected to reach 20% of its gross domestic product 
(GDP) by 2025, and in China, healthcare costs have grown at 
a compound annual growth rate of 15% between 2010-2015 
and are expected to reach $1 trillion by 2020-2021[3, 4]. 
This trend has led to the emergence of value-based 
healthcare reimbursements, in which reimbursements are 
based on patient outcomes rather than procedures.  
A recently conducted survey shows that healthcare providers 
and payers in the United States expect value-based 
reimbursement to surpass volume-based reimbursements by 
2020[5]. This shift requires better care at lower costs. 

One way of addressing this is by accelerating scans. The 
parallel imaging technique SENSE, which later evolved to dS 
SENSE after the dStream platform was introduced, greatly 
accelerated MR image acquisition by under-sampling the 
data and using coil sensitivity information to restore the 
full image. Yet despite these and other advances, more 
acceleration is needed.

Recent advances in compressed sensing technology make 
it possible to reduce scan time beyond that of conventional 
parallel imaging accelerated scans. Building on principles 
of compressed sensing and the best of SENSE, Philips 
introduces Compressed SENSE, speed done right, every time. 

Why is it important to increase 
productivity?

How can Philips’ Compressed SENSE produce a paradigm shift in productivity? 

Compressed SENSE is built on compressed sensing, a breakthrough approach to 
accelerating imaging. By also incorporating components of Philips’ SENSE, it delivers 
sharp images for all 2D and 3D scans in all anatomies with all anatomical contrasts. 

What is the technique compressed sensing?
Compressed sensing is a signal processing technique built 
on the fact that signals contain redundant information. 
Compressed sensing was developed by David Donoho[6], 
while in the same period Emmanuel Candès, Terence Tao 
et al.[7, 8] showed the same principles. The initial evidence 
that image data can be compressed comes from digital 
photography. To address the issue of storage of large 
digital image files, several image compression techniques, 
such as jpeg, were developed. The realization that image 
compression was possible without loss of detail led to the 
intriguing question of whether this could be turned around: 
If all the data is not needed to store the relevant information, 
why should it be acquired? 

In MR, in which acquisition times are determined by the 
relaxation properties and proton densities of tissues, the 
relevant question about compressed sensing is this: Can a 
full image be reconstructed from severely under-sampled 
data in k-space? The answer to this question was provided 
by Lustig et al[9] and soon after by several research groups 
for very specific applications. While these studies were all 
specific to a single type of acquisition and contrast, they 
showed that acquisition times could be reduced, while 
maintaining virtually equivalent image quality. 

Conditions required for compressed sensing in
clinical practice
Compressed sensing is concerned with the whole chain of 
acquisition strategy, signal processing and reconstruction. 

In general, compressed sensing can be exploited in clinical 
practice under the following four conditions: 
• The under-sampling pattern needs to promote noise-like 

incoherent artifacts.
• The data needs to be sparse either directly or in a 

transform domain. 
• Combination with current parallel imaging technology to 

leverage further acceleration on phased array coils.
• An iterative reconstruction implementation that balances 

data consistency and sparsity needs to be present. 

How does compressed sensing benefit from a sampling 
pattern that promotes incoherent artifacts? 
When data is completely sampled, all of the information is 
available to reconstruct the image (Figure 1A). Under-sampling 
the data is one way to accelerate scanning. The way that the 
data is under-sampled dictates the kind of artifacts that can 
occur in the images. If the data is uniformly under-sampled (as 
it is for SENSE and other parallel imaging techniques),  
the result is regular, back folding artifacts (Figure 1B).  
For compressed sensing, these structured artifacts are difficult, 
if not impossible, to separate from the signal (Figure 1C). 
Therefore, compressed sensing benefits from a sampling 
scheme in which artifacts are distributed incoherently 
over the image. This can be achieved by a variable density 
incoherent under-sampling (Figure 1D). Because most of 
the energy of the MR signal is in the center of k-space, the 
sampling pattern is adjusted so that the center is more 
densely sampled than the periphery to achieve the typical 
non-uniform sampling patterns that are usually used for 
compressed sensing. 

Figure 1. Various sampling patterns and the resulting images. 

We can reduce the time needed per patient. By adding Compressed SENSE to 
multiple sequences in an exam, we can accelerate our examinations by 20-40%, 
and that’s very good for the patients.

Dr. Sabine Sartoretti 
Kantonsspital Hospital, Switzerland
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accelerating imaging. By also incorporating components of Philips’ SENSE, it delivers 
sharp images for all 2D and 3D scans in all anatomies with all anatomical contrasts. 

What is the technique compressed sensing?
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on the fact that signals contain redundant information. 
Compressed sensing was developed by David Donoho[6], 
while in the same period Emmanuel Candès, Terence Tao 
et al.[7, 8] showed the same principles. The initial evidence 
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photography. To address the issue of storage of large 
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such as jpeg, were developed. The realization that image 
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relevant question about compressed sensing is this: Can a 
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by Lustig et al[9] and soon after by several research groups 
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available to reconstruct the image (Figure 1A). Under-sampling 
the data is one way to accelerate scanning. The way that the 
data is under-sampled dictates the kind of artifacts that can 
occur in the images. If the data is uniformly under-sampled (as 
it is for SENSE and other parallel imaging techniques),  
the result is regular, back folding artifacts (Figure 1B).  
For compressed sensing, these structured artifacts are difficult, 
if not impossible, to separate from the signal (Figure 1C). 
Therefore, compressed sensing benefits from a sampling 
scheme in which artifacts are distributed incoherently 
over the image. This can be achieved by a variable density 
incoherent under-sampling (Figure 1D). Because most of 
the energy of the MR signal is in the center of k-space, the 
sampling pattern is adjusted so that the center is more 
densely sampled than the periphery to achieve the typical 
non-uniform sampling patterns that are usually used for 
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1) Difficult to invert the matrix as it is non-square or too large
2) Measurements do not uniquely describe the object 
3) Noise amplification (related but not equal to 2)
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• The “regularizer” picks the solution which we think is best 
• Allows us to infuse prior knowledge into the problem
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1.6 Promoting Sparse Solutions 11

Fig. 1.2 The intersection between the `p-ball and the set Ax = b defines the solution of (Pp). This
intersection is demonstrated here in 3D for p = 2 (top left), p = 1.5 (top right), p = 1 (bottom
left), and p = 0.7 (bottom right). When p  1, the intersection takes place at a corner of the ball,
leading to a sparse solution.

for example, with p = 2/3, p = 1/2, or even smaller p, tending to zero. Unfortu-
nately, each choice 0 < p < 1 leads to a non-convex optimization problem, and this
raises some di�culties, as we have mentioned above. Nevertheless, from an engi-
neering point of view, if sparsity is a desired property, and we know that `p serves it
well, this problem can and should be used, despite its weaknesses.

While all the discussion above focuses on the `p-norm, there are other functions
of x that promote sparsity just as well. In fact, any function J(x) =

P
i ⇢(xi) with

⇢(x) being symmetric, monotonically non-decreasing, and with a monotonic non-
increasing derivative for x � 0 will serve the same purpose of promoting sparsity.
As classic examples of this family, we mention ⇢(x) = 1�exp(|x|), ⇢(x) = log(1+|x|),
and ⇢(x) = |x|/(1 + |x|).

>7 =
v
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Examples 
when no noise

Elad, “Sparse and Redundant 
Representations,” 2010
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Assumption: 
image is smooth

Formal linear solution: s = (HT
H+ �LT

L)�1
H

T
y = R� · y

Linear inverse problems (20th century theory)

21

Equivalent variational problem

s
? = argmin ky �Hsk22| {z }

data consistency

+ �kLsk22| {z }
regularization

Interpretation: “filtered” backprojection

R(s) = kLsk22: regularization (or smoothness) functional

L: regularization operator (i.e., Gradient)

Formal linear solution: s = (HT
H+ �LT

L)�1
H

T
y = R� · y

Andrey N. Tikhonov (1906-1993)

min
s

R(s) subject to ky �Hsk22  �2

Dealing with ill-posed problems: Tikhonov regularization

Statistical formulation (20th century)

22

sMAP = argmins
1

�2
ky �Hsk22

| {z }
Data Log likelihood

+ kC�1/2
s sk22| {z }

Gaussian prior likelihood

Wiener (LMMSE) solution = Gauss MMSE = Gauss MAP

m L = C�1/2
s : Whitening filter

Quadratic regularization (Tikhonov)

Linear measurement model: y = Hs+ n

Norbert Wiener (1894-1964)

sTik = argmin
s

�
ky �Hsk22 + �R(s)

�
with R(s) = kLsk22

Linear solution : s = (HT
H+ �LT

L)�1
H

T
y = R� · y

n : additive white Gaussian noise (i. i. d.)

s : realization of Gaussian process with zero-mean
and covariance matrix E{s · sT } = Cs
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unique closed-form solution
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Question: Is image smoothness a reasonable assumption?

Assumption: 
image is smooth



Question: How to regularize in imaging?

Classical approach: Tikhonov regularization

Modern approach: Transform-domain sparsity
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Inverse wavelet transform

Wavelet transform
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intractable nonconvex 
optimiazation



Question: How to regularize in imaging?

Classical approach: Tikhonov regularization

Modern approach: Transform-domain sparsity

R(7) = k.7k2`2 ) b7hBF? = (.h.)�1>h ⇥
>(.h.)�1>h⇤�1 v
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f Df

image gradientimage

• convex (but nondifferentiable) 
• promotes sparsityR(7) = k.7k`1
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To conclude “regularization”

Many imaging problems are ill-posed: 
there are infinitely many solutions

) v = >7 + 2
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Regularization is a strategy to select the  
solution that “makes sense”

KBMBKBx2 R(7) bm#D2+i iQ k>7 � vk2`2  �2
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Classical image regularizers are linear,  
but increasingly they are nonlinear

R(f) = kDfk2`2 ) R(f) = kDfk`1(20th) (21st)



Today we will talk about

๏ Forward models in imaging 
Relating the unknowns to the measured data

๏ Notions of ill-posedness and regularization 
When measurements are not enough

๏ Optimization at large scales 
When analytical solutions are not enough

๏ Plug-and-Play Priors (PnP) at large scales 
When traditional optimization is not enough



Proximal operator corresponds to image denoising



Proximal operator corresponds to image denoising

A more convenient formulation
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constrained optimization unconstrained optimization



Proximal operator corresponds to image denoising

A more convenient formulation

Image denoising corresponds to 
identity measurement matrix

KBM R(7) bm#D2+i iQ k>7 � vk2`2  �2 , KBM
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Question: Can you comment on convexity?



Proximal operator corresponds to image denoising

A more convenient formulation

Image denoising corresponds to 
identity measurement matrix
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For a convex regularizer, 
the objective is strongly convex 
=> there is a unique minimizer



Proximal operator corresponds to image denoising

A more convenient formulation

Image denoising corresponds to 
identity measurement matrix

We can thus define the prox operator that 
solves the denoising problem
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Proximal operator corresponds to image denoising
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Some examples of poitwise proximals

Unser and Tafti, “An Introduction to Sparse Stochastic Processes,” 2014



FISTA and ADMM are two popular algorithms 
for large-scale and nonsmooth optimization 



FISTA and ADMM are two popular algorithms 
for large-scale and nonsmooth optimization 

Consider the objective function

C(7) = D(7) +R(7) r?2`2 D(7) , 1
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data fit + regularizer
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Fast iterative shrinkage/thresholding algorithm (FISTA) vs. 
Alternating direction method of multipliers (ADMM)

ISTA: qk = 1 => O(1/t) 
FISTA: specific qk => O(1/t2)

ADMM fast practical convergence
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Fast iterative shrinkage/thresholding algorithm (FISTA) vs. 
Alternating direction method of multipliers (ADMM)

Question: Which one is computationally more efficient?
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Fast iterative shrinkage/thresholding algorithm (FISTA) vs. 
Alternating direction method of multipliers (ADMM)

Per-iteration complexity of ADMM is 
generally higher

rD(7) = >h(>7 � v)
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requires matrix inversion



To conclude “optimization”

Many imaging problems are ill-posed: 
there are infinitely many solutions

) v = >7 + 2
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Regularization is a strategy to select the  
solution that “makes sense”

KBMBKBx2 R(7) bm#D2+i iQ k>7 � vk2`2  �2
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Classical image regularizers are linear,  
but increasingly they are nonlinear

R(f) = kDfk2`2 ) R(f) = kDfk`1(20th) (21st)



Today we will talk about

๏ Forward models in imaging 
Relating the unknowns to the measured data

๏ Notions of ill-posedness and regularization 
When measurements are not enough

๏ Optimization at large scales 
When analytical solutions are not enough

๏ Plug-and-Play Priors (PnP) at large scales 
When traditional optimization is not enough
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B. Biomedical Dataset

Figures 5 and 6 and Table II show the results for the biomedical dataset. In Figure 5, again, the

sparse-view FBP contains line artifacts. Both TV and the proposed method remove streaking artifacts

satisfactorily; however, the TV reconstruction shows the cartoon-like artifacts that are typical of TV

reconstructions. This trend is also observed in severe case (x20) in Fig. 6. Quantitatively, the proposed

method outperforms the TV method.

Fig. 5. Reconstructed images of biomedical dataset from 143 views using FBP, TV regularized convex optimization [13], and
the FBPConvNet.

TABLE II
COMPARISON OF SNR BETWEEN DIFFERENT RECONSTRUCTION ALGORITHMS FOR BIOMEDICAL DATASET.

Metrics
Methods

FBP TV [13] Proposed

avg. SNR (dB)
143 views (x7) 24.97 31.92 36.15
50 views (x20) 13.52 25.2 28.83

November 14, 2016 DRAFT

Jin et al., 2016X-Ray CT
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Figure 6: Reconstruction results by TV, PR-FOCUSS and the proposed method which is trained using 1
MR slice for the 36 view input image. The NMSE values are written at the corner.
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Fig. 4. Illustration of the convergence of the training on the dataset of piecewise-smooth
objects. The left figure shows the training loss and the right figure shows the validation loss.
The horizontal lines on the right show the losses of other algorithms on the same data.
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Fig. 5. Simulated Datasets: Visual comparison of the reconstructed images using the linear
model with the first Born approximation regularized by imposing non-negativity [46]
(FB-NN, column 2) and the total variation [17] (FB-TV, column 4), the non-linear method
in [14] regularized by imposing non-negativity (LS-NN, column 3) and the total variation
(LS-TV, column 5), the reconstruction by using BM3D as a plug-and-play prior (LS-BM3D,
column 6). The values above images show the SNR (dB) of the reconstruction. The first
column shows the true images. Each row corresponds to a di�erent scattering scenario,
which is denoted above the leading true image.

3.2. U-Net decoder

We design the ScaDec model based on the popular U-Net architecture [45], which was recently
applied to various image reconstruction tasks such as X-ray CT [27, 31]. Fig. 3 shows a detailed
diagram of the proposed ConvNet architecture. There are two key properties that recommend
U-Net for our purpose.

1. Multi-resolution decomposition: The decoder employs a contraction-expansion structure
based on the max-pooling and the up-convolution. This means that given a fixed size
convolution kernel (3 ⇥ 3 in our case), the e�ective receptive field of the network increases
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3.2. U-Net decoder

We design the ScaDec model based on the popular U-Net architecture [45], which was recently
applied to various image reconstruction tasks such as X-ray CT [27, 31]. Fig. 3 shows a detailed
diagram of the proposed ConvNet architecture. There are two key properties that recommend
U-Net for our purpose.

1. Multi-resolution decomposition: The decoder employs a contraction-expansion structure
based on the max-pooling and the up-convolution. This means that given a fixed size
convolution kernel (3 ⇥ 3 in our case), the e�ective receptive field of the network increases
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Fig. 5. Simulated Datasets: Visual comparison of the reconstructed images using the linear
model with the first Born approximation regularized by imposing non-negativity [46]
(FB-NN, column 2) and the total variation [17] (FB-TV, column 4), the non-linear method
in [14] regularized by imposing non-negativity (LS-NN, column 3) and the total variation
(LS-TV, column 5), the reconstruction by using BM3D as a plug-and-play prior (LS-BM3D,
column 6). The values above images show the SNR (dB) of the reconstruction. The first
column shows the true images. Each row corresponds to a di�erent scattering scenario,
which is denoted above the leading true image.

3.2. U-Net decoder

We design the ScaDec model based on the popular U-Net architecture [45], which was recently
applied to various image reconstruction tasks such as X-ray CT [27, 31]. Fig. 3 shows a detailed
diagram of the proposed ConvNet architecture. There are two key properties that recommend
U-Net for our purpose.

1. Multi-resolution decomposition: The decoder employs a contraction-expansion structure
based on the max-pooling and the up-convolution. This means that given a fixed size
convolution kernel (3 ⇥ 3 in our case), the e�ective receptive field of the network increases
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A well established deep learning pipeline: 
first backproject then denoise with a ConvNet



10.3 MAP reconstruction of biomedical images 269
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Figure 10.5 X-ray tomography and the Radon transform. (a) Imaging geometry. (b) 2-D
reconstruction of a tomogram. (c) Its Radon transform (sinogram).

In practice, the measurements correspond to the sampled values of the Radon
transform of the absorption map s(x) at a series of points (tm ,µm),m = 1, . . . , M . From
(10.32), we deduce that the analysis functions are

¥m(x) = ±
°
tm °hx ,µmi

¢

which represent a series of idealized lines inR2 perpendicular toµm = (cosµm , sinµm).

Discretization

For discretization purpose, we represent the absorption distribution as the weighted
sum of separable B-spline-like basis functions

s(x) =
X

k

s[k]Ø(x °k) ,

with Ø(x) = Ø(x)Ø(y) where Ø(x) is a suitable symmetric kernel (typically, a polyno-
mial B-spline of degree n). The constraint here is thatØ ought to have a short support
to reduce computations, which rules out the use of the sinc basis.

In order to determine the system matrix, we need to compute the Radon transform
of the basis functions. The properties of the Radon transform that are helpful for that
purpose are

A well established deep learning pipeline: 
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Fig. 2. The overview of the proposed approach that first backpropagates the data into a
complex valued image and then maps this image into the final image with a ConvNet.
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skip connection + concatenation2 x 2 up-conv. + BN + ReLU 3 x 3 conv. + BN + ReLU2 x 2 max pooling 1 x 1 conv.

Fig. 3. Visual illustration of the proposed learning architecture based on U-Net [45]. The
input consists of two channels for the real and imaginary parts of the backpropagated vector
w 2 CN . The output is a single image of the scattering potential x 2 RN .

domain to the image domain. We define the backprojection of the measurements generated by
the kth transmitter as

zk = Pkyk with Pk , diag(u⇤
in,k)SH, (8)

where vector yk 2 CM are the measurements consistent with the kth transmitter and collected
by M receivers, and matrix Pk 2 CN⇥M is the backprojection operator. Inside the operator Pk ,
matrix SH 2 CN⇥M is the Hermitian transpose of the discretized Green’s function S, and u⇤

in,k is
the element-wise conjugate of the incident light field emitted by the kth transmitter. The output
zk 2 CN is a complex vector with N elements, which matches the number of pixels in the original
image. When the data is collected with multiple transmissions, we define the backprojection of K

transmitters as

w =
K’
k=1

zk =
K’
k=1

Pkyk , (9)

where vector w 2 CN is the linear combination of zk and K denotes the number of transmitters.
Note that the backprojection (9) does not rely on the actual forward model H(·) in (5) which is
both nonlinear and object dependent. Remarkably, as we shall see, our simple backprojection
followed by a specific ConvNet architecture will be su�cient to recover a high-quality image
given multiple scattered measurements.

Note that since w is a complex vector, we consider its real and complex parts as two distinct
feature maps of the object f . Thus, the backprojection can be viewed as a fixed layer in a ConvNet
with M inputs and two outputs to the subsequent layers (see Fig. 2) [45]. The weights inside the
layer are characterized by Pk’s, and the activation functions for the output nodes are Re(·) and
Im(·), respectively.
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Figure 11. Comparison results for residual learning and image learning from 64 and 192 view reconstruction input data.

No. of views Single-scale image learning Single-scale residual learning Multi-scale image learning Proposed
48 view 31.0027 31.7550 32.5525 33.3916
64 view 32.1380 32.4456 32.9748 33.8680
96 view 33.2983 33.3569 33.4728 34.5898

192 view 33.7693 33.8390 33.7101 34.9028

Table 1. Average PSNR results for various learning architectures.
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Figure 12. Comparison results for single-scale versus multi-scale residual learning from 48 and 96 view reconstruction input data.
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64 view 32.1380 32.4456 32.9748 33.8680
96 view 33.2983 33.3569 33.4728 34.5898

192 view 33.7693 33.8390 33.7101 34.9028

Table 1. Average PSNR results for various learning architectures.
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Figure 12. Comparison results for single-scale versus multi-scale residual learning from 48 and 96 view reconstruction input data.
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Figure 10.5 X-ray tomography and the Radon transform. (a) Imaging geometry. (b) 2-D
reconstruction of a tomogram. (c) Its Radon transform (sinogram).

In practice, the measurements correspond to the sampled values of the Radon
transform of the absorption map s(x) at a series of points (tm ,µm),m = 1, . . . , M . From
(10.32), we deduce that the analysis functions are

¥m(x) = ±
°
tm °hx ,µmi

¢

which represent a series of idealized lines inR2 perpendicular toµm = (cosµm , sinµm).

Discretization

For discretization purpose, we represent the absorption distribution as the weighted
sum of separable B-spline-like basis functions

s(x) =
X

k

s[k]Ø(x °k) ,

with Ø(x) = Ø(x)Ø(y) where Ø(x) is a suitable symmetric kernel (typically, a polyno-
mial B-spline of degree n). The constraint here is thatØ ought to have a short support
to reduce computations, which rules out the use of the sinc basis.

In order to determine the system matrix, we need to compute the Radon transform
of the basis functions. The properties of the Radon transform that are helpful for that
purpose are
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Fig. 2. The overview of the proposed approach that first backpropagates the data into a
complex valued image and then maps this image into the final image with a ConvNet.
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Fig. 3. Visual illustration of the proposed learning architecture based on U-Net [45]. The
input consists of two channels for the real and imaginary parts of the backpropagated vector
w 2 CN . The output is a single image of the scattering potential x 2 RN .

domain to the image domain. We define the backprojection of the measurements generated by
the kth transmitter as

zk = Pkyk with Pk , diag(u⇤
in,k)SH, (8)

where vector yk 2 CM are the measurements consistent with the kth transmitter and collected
by M receivers, and matrix Pk 2 CN⇥M is the backprojection operator. Inside the operator Pk ,
matrix SH 2 CN⇥M is the Hermitian transpose of the discretized Green’s function S, and u⇤

in,k is
the element-wise conjugate of the incident light field emitted by the kth transmitter. The output
zk 2 CN is a complex vector with N elements, which matches the number of pixels in the original
image. When the data is collected with multiple transmissions, we define the backprojection of K

transmitters as

w =
K’
k=1

zk =
K’
k=1

Pkyk , (9)

where vector w 2 CN is the linear combination of zk and K denotes the number of transmitters.
Note that the backprojection (9) does not rely on the actual forward model H(·) in (5) which is
both nonlinear and object dependent. Remarkably, as we shall see, our simple backprojection
followed by a specific ConvNet architecture will be su�cient to recover a high-quality image
given multiple scattered measurements.

Note that since w is a complex vector, we consider its real and complex parts as two distinct
feature maps of the object f . Thus, the backprojection can be viewed as a fixed layer in a ConvNet
with M inputs and two outputs to the subsequent layers (see Fig. 2) [45]. The weights inside the
layer are characterized by Pk’s, and the activation functions for the output nodes are Re(·) and
Im(·), respectively.
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Figure 11. Comparison results for residual learning and image learning from 64 and 192 view reconstruction input data.

No. of views Single-scale image learning Single-scale residual learning Multi-scale image learning Proposed
48 view 31.0027 31.7550 32.5525 33.3916
64 view 32.1380 32.4456 32.9748 33.8680
96 view 33.2983 33.3569 33.4728 34.5898

192 view 33.7693 33.8390 33.7101 34.9028

Table 1. Average PSNR results for various learning architectures.
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Figure 12. Comparison results for single-scale versus multi-scale residual learning from 48 and 96 view reconstruction input data.
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Figure 12. Comparison results for single-scale versus multi-scale residual learning from 48 and 96 view reconstruction input data.

“backproject” noisy image denoising CNN output

Question: What are some of the key limitations of this approach?
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Figure 10.5 X-ray tomography and the Radon transform. (a) Imaging geometry. (b) 2-D
reconstruction of a tomogram. (c) Its Radon transform (sinogram).

In practice, the measurements correspond to the sampled values of the Radon
transform of the absorption map s(x) at a series of points (tm ,µm),m = 1, . . . , M . From
(10.32), we deduce that the analysis functions are

¥m(x) = ±
°
tm °hx ,µmi

¢

which represent a series of idealized lines inR2 perpendicular toµm = (cosµm , sinµm).

Discretization

For discretization purpose, we represent the absorption distribution as the weighted
sum of separable B-spline-like basis functions

s(x) =
X

k

s[k]Ø(x °k) ,

with Ø(x) = Ø(x)Ø(y) where Ø(x) is a suitable symmetric kernel (typically, a polyno-
mial B-spline of degree n). The constraint here is thatØ ought to have a short support
to reduce computations, which rules out the use of the sinc basis.

In order to determine the system matrix, we need to compute the Radon transform
of the basis functions. The properties of the Radon transform that are helpful for that
purpose are

A well established deep learning pipeline: 
first backproject then denoise with a ConvNet

ScaDec
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Fig. 2. The overview of the proposed approach that first backpropagates the data into a
complex valued image and then maps this image into the final image with a ConvNet.

128 × 128 x 64 64 × 64 × 256 32 × 32 × 512 16 × 16 × 512 16 × 16 × 512 32 × 32 × 5128 × 8 × 1024 64 × 64 × 256 128 × 128 × 64

skip connection + concatenation2 x 2 up-conv. + BN + ReLU 3 x 3 conv. + BN + ReLU2 x 2 max pooling 1 x 1 conv.

Fig. 3. Visual illustration of the proposed learning architecture based on U-Net [45]. The
input consists of two channels for the real and imaginary parts of the backpropagated vector
w 2 CN . The output is a single image of the scattering potential x 2 RN .

domain to the image domain. We define the backprojection of the measurements generated by
the kth transmitter as

zk = Pkyk with Pk , diag(u⇤
in,k)SH, (8)

where vector yk 2 CM are the measurements consistent with the kth transmitter and collected
by M receivers, and matrix Pk 2 CN⇥M is the backprojection operator. Inside the operator Pk ,
matrix SH 2 CN⇥M is the Hermitian transpose of the discretized Green’s function S, and u⇤

in,k is
the element-wise conjugate of the incident light field emitted by the kth transmitter. The output
zk 2 CN is a complex vector with N elements, which matches the number of pixels in the original
image. When the data is collected with multiple transmissions, we define the backprojection of K

transmitters as

w =
K’
k=1

zk =
K’
k=1

Pkyk , (9)

where vector w 2 CN is the linear combination of zk and K denotes the number of transmitters.
Note that the backprojection (9) does not rely on the actual forward model H(·) in (5) which is
both nonlinear and object dependent. Remarkably, as we shall see, our simple backprojection
followed by a specific ConvNet architecture will be su�cient to recover a high-quality image
given multiple scattered measurements.

Note that since w is a complex vector, we consider its real and complex parts as two distinct
feature maps of the object f . Thus, the backprojection can be viewed as a fixed layer in a ConvNet
with M inputs and two outputs to the subsequent layers (see Fig. 2) [45]. The weights inside the
layer are characterized by Pk’s, and the activation functions for the output nodes are Re(·) and
Im(·), respectively.
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Figure 11. Comparison results for residual learning and image learning from 64 and 192 view reconstruction input data.

No. of views Single-scale image learning Single-scale residual learning Multi-scale image learning Proposed
48 view 31.0027 31.7550 32.5525 33.3916
64 view 32.1380 32.4456 32.9748 33.8680
96 view 33.2983 33.3569 33.4728 34.5898

192 view 33.7693 33.8390 33.7101 34.9028

Table 1. Average PSNR results for various learning architectures.
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Figure 12. Comparison results for single-scale versus multi-scale residual learning from 48 and 96 view reconstruction input data.
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Figure 12. Comparison results for single-scale versus multi-scale residual learning from 48 and 96 view reconstruction input data.

“backproject” noisy image denoising CNN output

1) Implicit dependance of CNN on the forward model

Hard to decouple the individual contributions of D and R
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Figure 10.5 X-ray tomography and the Radon transform. (a) Imaging geometry. (b) 2-D
reconstruction of a tomogram. (c) Its Radon transform (sinogram).

In practice, the measurements correspond to the sampled values of the Radon
transform of the absorption map s(x) at a series of points (tm ,µm),m = 1, . . . , M . From
(10.32), we deduce that the analysis functions are

¥m(x) = ±
°
tm °hx ,µmi

¢

which represent a series of idealized lines inR2 perpendicular toµm = (cosµm , sinµm).

Discretization

For discretization purpose, we represent the absorption distribution as the weighted
sum of separable B-spline-like basis functions

s(x) =
X

k

s[k]Ø(x °k) ,

with Ø(x) = Ø(x)Ø(y) where Ø(x) is a suitable symmetric kernel (typically, a polyno-
mial B-spline of degree n). The constraint here is thatØ ought to have a short support
to reduce computations, which rules out the use of the sinc basis.

In order to determine the system matrix, we need to compute the Radon transform
of the basis functions. The properties of the Radon transform that are helpful for that
purpose are

A well established deep learning pipeline: 
first backproject then denoise with a ConvNet
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Fig. 2. The overview of the proposed approach that first backpropagates the data into a
complex valued image and then maps this image into the final image with a ConvNet.

128 × 128 x 64 64 × 64 × 256 32 × 32 × 512 16 × 16 × 512 16 × 16 × 512 32 × 32 × 5128 × 8 × 1024 64 × 64 × 256 128 × 128 × 64

skip connection + concatenation2 x 2 up-conv. + BN + ReLU 3 x 3 conv. + BN + ReLU2 x 2 max pooling 1 x 1 conv.

Fig. 3. Visual illustration of the proposed learning architecture based on U-Net [45]. The
input consists of two channels for the real and imaginary parts of the backpropagated vector
w 2 CN . The output is a single image of the scattering potential x 2 RN .

domain to the image domain. We define the backprojection of the measurements generated by
the kth transmitter as

zk = Pkyk with Pk , diag(u⇤
in,k)SH, (8)

where vector yk 2 CM are the measurements consistent with the kth transmitter and collected
by M receivers, and matrix Pk 2 CN⇥M is the backprojection operator. Inside the operator Pk ,
matrix SH 2 CN⇥M is the Hermitian transpose of the discretized Green’s function S, and u⇤

in,k is
the element-wise conjugate of the incident light field emitted by the kth transmitter. The output
zk 2 CN is a complex vector with N elements, which matches the number of pixels in the original
image. When the data is collected with multiple transmissions, we define the backprojection of K

transmitters as

w =
K’
k=1

zk =
K’
k=1

Pkyk , (9)

where vector w 2 CN is the linear combination of zk and K denotes the number of transmitters.
Note that the backprojection (9) does not rely on the actual forward model H(·) in (5) which is
both nonlinear and object dependent. Remarkably, as we shall see, our simple backprojection
followed by a specific ConvNet architecture will be su�cient to recover a high-quality image
given multiple scattered measurements.

Note that since w is a complex vector, we consider its real and complex parts as two distinct
feature maps of the object f . Thus, the backprojection can be viewed as a fixed layer in a ConvNet
with M inputs and two outputs to the subsequent layers (see Fig. 2) [45]. The weights inside the
layer are characterized by Pk’s, and the activation functions for the output nodes are Re(·) and
Im(·), respectively.
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Figure 11. Comparison results for residual learning and image learning from 64 and 192 view reconstruction input data.

No. of views Single-scale image learning Single-scale residual learning Multi-scale image learning Proposed
48 view 31.0027 31.7550 32.5525 33.3916
64 view 32.1380 32.4456 32.9748 33.8680
96 view 33.2983 33.3569 33.4728 34.5898

192 view 33.7693 33.8390 33.7101 34.9028

Table 1. Average PSNR results for various learning architectures.
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Figure 12. Comparison results for single-scale versus multi-scale residual learning from 48 and 96 view reconstruction input data.
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192 view 33.7693 33.8390 33.7101 34.9028
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Figure 12. Comparison results for single-scale versus multi-scale residual learning from 48 and 96 view reconstruction input data.

“backproject” noisy image denoising CNN output

1) Implicit dependance of CNN on the forward model
2) Consistency with the measured data is unclear

No explicit measure of the deviation from the data
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Figure 10.5 X-ray tomography and the Radon transform. (a) Imaging geometry. (b) 2-D
reconstruction of a tomogram. (c) Its Radon transform (sinogram).

In practice, the measurements correspond to the sampled values of the Radon
transform of the absorption map s(x) at a series of points (tm ,µm),m = 1, . . . , M . From
(10.32), we deduce that the analysis functions are

¥m(x) = ±
°
tm °hx ,µmi

¢

which represent a series of idealized lines inR2 perpendicular toµm = (cosµm , sinµm).

Discretization

For discretization purpose, we represent the absorption distribution as the weighted
sum of separable B-spline-like basis functions

s(x) =
X

k

s[k]Ø(x °k) ,

with Ø(x) = Ø(x)Ø(y) where Ø(x) is a suitable symmetric kernel (typically, a polyno-
mial B-spline of degree n). The constraint here is thatØ ought to have a short support
to reduce computations, which rules out the use of the sinc basis.

In order to determine the system matrix, we need to compute the Radon transform
of the basis functions. The properties of the Radon transform that are helpful for that
purpose are

A well established deep learning pipeline: 
first backproject then denoise with a ConvNet

ScaDec
yk

Re(·) Im(·)

Multiple 
Scattering

U-Net 
Decoder

Backpropagation
M ’s

ReconTruth

Pk Re(·)
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Fig. 2. The overview of the proposed approach that first backpropagates the data into a
complex valued image and then maps this image into the final image with a ConvNet.
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skip connection + concatenation2 x 2 up-conv. + BN + ReLU 3 x 3 conv. + BN + ReLU2 x 2 max pooling 1 x 1 conv.

Fig. 3. Visual illustration of the proposed learning architecture based on U-Net [45]. The
input consists of two channels for the real and imaginary parts of the backpropagated vector
w 2 CN . The output is a single image of the scattering potential x 2 RN .

domain to the image domain. We define the backprojection of the measurements generated by
the kth transmitter as

zk = Pkyk with Pk , diag(u⇤
in,k)SH, (8)

where vector yk 2 CM are the measurements consistent with the kth transmitter and collected
by M receivers, and matrix Pk 2 CN⇥M is the backprojection operator. Inside the operator Pk ,
matrix SH 2 CN⇥M is the Hermitian transpose of the discretized Green’s function S, and u⇤

in,k is
the element-wise conjugate of the incident light field emitted by the kth transmitter. The output
zk 2 CN is a complex vector with N elements, which matches the number of pixels in the original
image. When the data is collected with multiple transmissions, we define the backprojection of K

transmitters as

w =
K’
k=1

zk =
K’
k=1

Pkyk , (9)

where vector w 2 CN is the linear combination of zk and K denotes the number of transmitters.
Note that the backprojection (9) does not rely on the actual forward model H(·) in (5) which is
both nonlinear and object dependent. Remarkably, as we shall see, our simple backprojection
followed by a specific ConvNet architecture will be su�cient to recover a high-quality image
given multiple scattered measurements.

Note that since w is a complex vector, we consider its real and complex parts as two distinct
feature maps of the object f . Thus, the backprojection can be viewed as a fixed layer in a ConvNet
with M inputs and two outputs to the subsequent layers (see Fig. 2) [45]. The weights inside the
layer are characterized by Pk’s, and the activation functions for the output nodes are Re(·) and
Im(·), respectively.
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Figure 11. Comparison results for residual learning and image learning from 64 and 192 view reconstruction input data.

No. of views Single-scale image learning Single-scale residual learning Multi-scale image learning Proposed
48 view 31.0027 31.7550 32.5525 33.3916
64 view 32.1380 32.4456 32.9748 33.8680
96 view 33.2983 33.3569 33.4728 34.5898

192 view 33.7693 33.8390 33.7101 34.9028

Table 1. Average PSNR results for various learning architectures.
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Figure 12. Comparison results for single-scale versus multi-scale residual learning from 48 and 96 view reconstruction input data.
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Figure 12. Comparison results for single-scale versus multi-scale residual learning from 48 and 96 view reconstruction input data.

“backproject” noisy image denoising CNN output

1) Implicit dependance of CNN on the forward model
2) Consistency with the measured data is unclear

3) Difficult to impose nontrivial hard constraints on the image

Example: We absolutely need the image  
gradient to be smaller than epsilon
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Figure 10.5 X-ray tomography and the Radon transform. (a) Imaging geometry. (b) 2-D
reconstruction of a tomogram. (c) Its Radon transform (sinogram).

In practice, the measurements correspond to the sampled values of the Radon
transform of the absorption map s(x) at a series of points (tm ,µm),m = 1, . . . , M . From
(10.32), we deduce that the analysis functions are

¥m(x) = ±
°
tm °hx ,µmi

¢

which represent a series of idealized lines inR2 perpendicular toµm = (cosµm , sinµm).

Discretization

For discretization purpose, we represent the absorption distribution as the weighted
sum of separable B-spline-like basis functions

s(x) =
X

k

s[k]Ø(x °k) ,

with Ø(x) = Ø(x)Ø(y) where Ø(x) is a suitable symmetric kernel (typically, a polyno-
mial B-spline of degree n). The constraint here is thatØ ought to have a short support
to reduce computations, which rules out the use of the sinc basis.

In order to determine the system matrix, we need to compute the Radon transform
of the basis functions. The properties of the Radon transform that are helpful for that
purpose are

A well established deep learning pipeline: 
first backproject then denoise with a ConvNet

ScaDec
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Fig. 2. The overview of the proposed approach that first backpropagates the data into a
complex valued image and then maps this image into the final image with a ConvNet.

128 × 128 x 64 64 × 64 × 256 32 × 32 × 512 16 × 16 × 512 16 × 16 × 512 32 × 32 × 5128 × 8 × 1024 64 × 64 × 256 128 × 128 × 64

skip connection + concatenation2 x 2 up-conv. + BN + ReLU 3 x 3 conv. + BN + ReLU2 x 2 max pooling 1 x 1 conv.

Fig. 3. Visual illustration of the proposed learning architecture based on U-Net [45]. The
input consists of two channels for the real and imaginary parts of the backpropagated vector
w 2 CN . The output is a single image of the scattering potential x 2 RN .

domain to the image domain. We define the backprojection of the measurements generated by
the kth transmitter as

zk = Pkyk with Pk , diag(u⇤
in,k)SH, (8)

where vector yk 2 CM are the measurements consistent with the kth transmitter and collected
by M receivers, and matrix Pk 2 CN⇥M is the backprojection operator. Inside the operator Pk ,
matrix SH 2 CN⇥M is the Hermitian transpose of the discretized Green’s function S, and u⇤

in,k is
the element-wise conjugate of the incident light field emitted by the kth transmitter. The output
zk 2 CN is a complex vector with N elements, which matches the number of pixels in the original
image. When the data is collected with multiple transmissions, we define the backprojection of K

transmitters as

w =
K’
k=1

zk =
K’
k=1

Pkyk , (9)

where vector w 2 CN is the linear combination of zk and K denotes the number of transmitters.
Note that the backprojection (9) does not rely on the actual forward model H(·) in (5) which is
both nonlinear and object dependent. Remarkably, as we shall see, our simple backprojection
followed by a specific ConvNet architecture will be su�cient to recover a high-quality image
given multiple scattered measurements.

Note that since w is a complex vector, we consider its real and complex parts as two distinct
feature maps of the object f . Thus, the backprojection can be viewed as a fixed layer in a ConvNet
with M inputs and two outputs to the subsequent layers (see Fig. 2) [45]. The weights inside the
layer are characterized by Pk’s, and the activation functions for the output nodes are Re(·) and
Im(·), respectively.
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Figure 11. Comparison results for residual learning and image learning from 64 and 192 view reconstruction input data.

No. of views Single-scale image learning Single-scale residual learning Multi-scale image learning Proposed
48 view 31.0027 31.7550 32.5525 33.3916
64 view 32.1380 32.4456 32.9748 33.8680
96 view 33.2983 33.3569 33.4728 34.5898

192 view 33.7693 33.8390 33.7101 34.9028

Table 1. Average PSNR results for various learning architectures.

��
�X
KG
Y

:���+PRWV)TQWPF�VTWVJ 5KPING�UECNG�NGCTPKPI 2TQRQUGF

��
�X
KG
Y

Figure 12. Comparison results for single-scale versus multi-scale residual learning from 48 and 96 view reconstruction input data.
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48 view 31.0027 31.7550 32.5525 33.3916
64 view 32.1380 32.4456 32.9748 33.8680
96 view 33.2983 33.3569 33.4728 34.5898

192 view 33.7693 33.8390 33.7101 34.9028

Table 1. Average PSNR results for various learning architectures.
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Figure 12. Comparison results for single-scale versus multi-scale residual learning from 48 and 96 view reconstruction input data.

“backproject” noisy image denoising CNN output

1) Implicit dependance of CNN on the forward model
2) Consistency with the measured data is unclear

3) Difficult to impose nontrivial hard constraints on the image
4) Not principled: how to select the right architecture?
Variations in the problem are not explicitly linked to model parameters
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Figure 10.5 X-ray tomography and the Radon transform. (a) Imaging geometry. (b) 2-D
reconstruction of a tomogram. (c) Its Radon transform (sinogram).

In practice, the measurements correspond to the sampled values of the Radon
transform of the absorption map s(x) at a series of points (tm ,µm),m = 1, . . . , M . From
(10.32), we deduce that the analysis functions are

¥m(x) = ±
°
tm °hx ,µmi

¢

which represent a series of idealized lines inR2 perpendicular toµm = (cosµm , sinµm).

Discretization

For discretization purpose, we represent the absorption distribution as the weighted
sum of separable B-spline-like basis functions

s(x) =
X

k

s[k]Ø(x °k) ,

with Ø(x) = Ø(x)Ø(y) where Ø(x) is a suitable symmetric kernel (typically, a polyno-
mial B-spline of degree n). The constraint here is thatØ ought to have a short support
to reduce computations, which rules out the use of the sinc basis.

In order to determine the system matrix, we need to compute the Radon transform
of the basis functions. The properties of the Radon transform that are helpful for that
purpose are

A well established deep learning pipeline: 
first backproject then denoise with a ConvNet
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Fig. 2. The overview of the proposed approach that first backpropagates the data into a
complex valued image and then maps this image into the final image with a ConvNet.
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Fig. 3. Visual illustration of the proposed learning architecture based on U-Net [45]. The
input consists of two channels for the real and imaginary parts of the backpropagated vector
w 2 CN . The output is a single image of the scattering potential x 2 RN .

domain to the image domain. We define the backprojection of the measurements generated by
the kth transmitter as

zk = Pkyk with Pk , diag(u⇤
in,k)SH, (8)

where vector yk 2 CM are the measurements consistent with the kth transmitter and collected
by M receivers, and matrix Pk 2 CN⇥M is the backprojection operator. Inside the operator Pk ,
matrix SH 2 CN⇥M is the Hermitian transpose of the discretized Green’s function S, and u⇤

in,k is
the element-wise conjugate of the incident light field emitted by the kth transmitter. The output
zk 2 CN is a complex vector with N elements, which matches the number of pixels in the original
image. When the data is collected with multiple transmissions, we define the backprojection of K

transmitters as

w =
K’
k=1

zk =
K’
k=1

Pkyk , (9)

where vector w 2 CN is the linear combination of zk and K denotes the number of transmitters.
Note that the backprojection (9) does not rely on the actual forward model H(·) in (5) which is
both nonlinear and object dependent. Remarkably, as we shall see, our simple backprojection
followed by a specific ConvNet architecture will be su�cient to recover a high-quality image
given multiple scattered measurements.

Note that since w is a complex vector, we consider its real and complex parts as two distinct
feature maps of the object f . Thus, the backprojection can be viewed as a fixed layer in a ConvNet
with M inputs and two outputs to the subsequent layers (see Fig. 2) [45]. The weights inside the
layer are characterized by Pk’s, and the activation functions for the output nodes are Re(·) and
Im(·), respectively.
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Figure 11. Comparison results for residual learning and image learning from 64 and 192 view reconstruction input data.

No. of views Single-scale image learning Single-scale residual learning Multi-scale image learning Proposed
48 view 31.0027 31.7550 32.5525 33.3916
64 view 32.1380 32.4456 32.9748 33.8680
96 view 33.2983 33.3569 33.4728 34.5898

192 view 33.7693 33.8390 33.7101 34.9028

Table 1. Average PSNR results for various learning architectures.
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Figure 12. Comparison results for single-scale versus multi-scale residual learning from 48 and 96 view reconstruction input data.
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Figure 12. Comparison results for single-scale versus multi-scale residual learning from 48 and 96 view reconstruction input data.

“backproject” noisy image denoising CNN output

1) Implicit dependance of CNN on the forward model
2) Consistency with the measured data is unclear

3) Difficult to impose nontrivial hard constraints on the image
4) Not principled: how to select the right architecture?

5) Difficult to generalize to nonlinear forward models
What happens if there is no backprojection?
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Figure 10.5 X-ray tomography and the Radon transform. (a) Imaging geometry. (b) 2-D
reconstruction of a tomogram. (c) Its Radon transform (sinogram).

In practice, the measurements correspond to the sampled values of the Radon
transform of the absorption map s(x) at a series of points (tm ,µm),m = 1, . . . , M . From
(10.32), we deduce that the analysis functions are

¥m(x) = ±
°
tm °hx ,µmi

¢

which represent a series of idealized lines inR2 perpendicular toµm = (cosµm , sinµm).

Discretization

For discretization purpose, we represent the absorption distribution as the weighted
sum of separable B-spline-like basis functions

s(x) =
X

k

s[k]Ø(x °k) ,

with Ø(x) = Ø(x)Ø(y) where Ø(x) is a suitable symmetric kernel (typically, a polyno-
mial B-spline of degree n). The constraint here is thatØ ought to have a short support
to reduce computations, which rules out the use of the sinc basis.

In order to determine the system matrix, we need to compute the Radon transform
of the basis functions. The properties of the Radon transform that are helpful for that
purpose are

A well established deep learning pipeline: 
first backproject then denoise with a ConvNet

ScaDec
yk

Re(·) Im(·)

Multiple 
Scattering

U-Net 
Decoder

Backpropagation
M ’s

ReconTruth

Pk Re(·)
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Fig. 2. The overview of the proposed approach that first backpropagates the data into a
complex valued image and then maps this image into the final image with a ConvNet.

128 × 128 x 64 64 × 64 × 256 32 × 32 × 512 16 × 16 × 512 16 × 16 × 512 32 × 32 × 5128 × 8 × 1024 64 × 64 × 256 128 × 128 × 64

skip connection + concatenation2 x 2 up-conv. + BN + ReLU 3 x 3 conv. + BN + ReLU2 x 2 max pooling 1 x 1 conv.

Fig. 3. Visual illustration of the proposed learning architecture based on U-Net [45]. The
input consists of two channels for the real and imaginary parts of the backpropagated vector
w 2 CN . The output is a single image of the scattering potential x 2 RN .

domain to the image domain. We define the backprojection of the measurements generated by
the kth transmitter as

zk = Pkyk with Pk , diag(u⇤
in,k)SH, (8)

where vector yk 2 CM are the measurements consistent with the kth transmitter and collected
by M receivers, and matrix Pk 2 CN⇥M is the backprojection operator. Inside the operator Pk ,
matrix SH 2 CN⇥M is the Hermitian transpose of the discretized Green’s function S, and u⇤

in,k is
the element-wise conjugate of the incident light field emitted by the kth transmitter. The output
zk 2 CN is a complex vector with N elements, which matches the number of pixels in the original
image. When the data is collected with multiple transmissions, we define the backprojection of K

transmitters as

w =
K’
k=1

zk =
K’
k=1

Pkyk , (9)

where vector w 2 CN is the linear combination of zk and K denotes the number of transmitters.
Note that the backprojection (9) does not rely on the actual forward model H(·) in (5) which is
both nonlinear and object dependent. Remarkably, as we shall see, our simple backprojection
followed by a specific ConvNet architecture will be su�cient to recover a high-quality image
given multiple scattered measurements.

Note that since w is a complex vector, we consider its real and complex parts as two distinct
feature maps of the object f . Thus, the backprojection can be viewed as a fixed layer in a ConvNet
with M inputs and two outputs to the subsequent layers (see Fig. 2) [45]. The weights inside the
layer are characterized by Pk’s, and the activation functions for the output nodes are Re(·) and
Im(·), respectively.
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Figure 11. Comparison results for residual learning and image learning from 64 and 192 view reconstruction input data.

No. of views Single-scale image learning Single-scale residual learning Multi-scale image learning Proposed
48 view 31.0027 31.7550 32.5525 33.3916
64 view 32.1380 32.4456 32.9748 33.8680
96 view 33.2983 33.3569 33.4728 34.5898

192 view 33.7693 33.8390 33.7101 34.9028

Table 1. Average PSNR results for various learning architectures.
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Figure 12. Comparison results for single-scale versus multi-scale residual learning from 48 and 96 view reconstruction input data.

H
H

��
�X
KG
Y

:���+PRWV)TQWPF�VTWVJ +OCIG�NGCTPKPI 2TQRQUGF

��
��
XK
GY

Figure 11. Comparison results for residual learning and image learning from 64 and 192 view reconstruction input data.

No. of views Single-scale image learning Single-scale residual learning Multi-scale image learning Proposed
48 view 31.0027 31.7550 32.5525 33.3916
64 view 32.1380 32.4456 32.9748 33.8680
96 view 33.2983 33.3569 33.4728 34.5898

192 view 33.7693 33.8390 33.7101 34.9028

Table 1. Average PSNR results for various learning architectures.

��
�X
KG
Y

:���+PRWV)TQWPF�VTWVJ 5KPING�UECNG�NGCTPKPI 2TQRQUGF

��
�X
KG
Y

Figure 12. Comparison results for single-scale versus multi-scale residual learning from 48 and 96 view reconstruction input data.

“backproject” noisy image denoising CNN output

1) Implicit dependance of CNN on the forward model
2) Consistency with the measured data is unclear

3) Difficult to impose nontrivial hard constraints on the image
4) Not principled: how to select the right architecture?

5) Difficult to generalize to nonlinear forward models



Treating the denoising CNN as a proximal operator 
allows to separate the prior from the forward model



Treating the denoising CNN as a proximal operator 
allows to separate the prior from the forward model

Venkatakrishnan  et al., “Plug-and-Play Priors for Model Based Reconstruction,” 2013.



Treating the denoising CNN as a proximal operator 
allows to separate the prior from the forward model

Train a CNN to denoise for various noise levels
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Fig. 2. The overview of the proposed approach that first backpropagates the data into a
complex valued image and then maps this image into the final image with a ConvNet.

128 × 128 x 64 64 × 64 × 256 32 × 32 × 512 16 × 16 × 512 16 × 16 × 512 32 × 32 × 5128 × 8 × 1024 64 × 64 × 256 128 × 128 × 64

skip connection + concatenation2 x 2 up-conv. + BN + ReLU 3 x 3 conv. + BN + ReLU2 x 2 max pooling 1 x 1 conv.

Fig. 3. Visual illustration of the proposed learning architecture based on U-Net [45]. The
input consists of two channels for the real and imaginary parts of the backpropagated vector
w 2 CN . The output is a single image of the scattering potential x 2 RN .

domain to the image domain. We define the backprojection of the measurements generated by
the kth transmitter as

zk = Pkyk with Pk , diag(u⇤
in,k)SH, (8)

where vector yk 2 CM are the measurements consistent with the kth transmitter and collected
by M receivers, and matrix Pk 2 CN⇥M is the backprojection operator. Inside the operator Pk ,
matrix SH 2 CN⇥M is the Hermitian transpose of the discretized Green’s function S, and u⇤

in,k is
the element-wise conjugate of the incident light field emitted by the kth transmitter. The output
zk 2 CN is a complex vector with N elements, which matches the number of pixels in the original
image. When the data is collected with multiple transmissions, we define the backprojection of K

transmitters as

w =
K’
k=1

zk =
K’
k=1

Pkyk , (9)

where vector w 2 CN is the linear combination of zk and K denotes the number of transmitters.
Note that the backprojection (9) does not rely on the actual forward model H(·) in (5) which is
both nonlinear and object dependent. Remarkably, as we shall see, our simple backprojection
followed by a specific ConvNet architecture will be su�cient to recover a high-quality image
given multiple scattered measurements.

Note that since w is a complex vector, we consider its real and complex parts as two distinct
feature maps of the object f . Thus, the backprojection can be viewed as a fixed layer in a ConvNet
with M inputs and two outputs to the subsequent layers (see Fig. 2) [45]. The weights inside the
layer are characterized by Pk’s, and the activation functions for the output nodes are Re(·) and
Im(·), respectively.
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Figure 11. Comparison results for residual learning and image learning from 64 and 192 view reconstruction input data.

No. of views Single-scale image learning Single-scale residual learning Multi-scale image learning Proposed
48 view 31.0027 31.7550 32.5525 33.3916
64 view 32.1380 32.4456 32.9748 33.8680
96 view 33.2983 33.3569 33.4728 34.5898

192 view 33.7693 33.8390 33.7101 34.9028

Table 1. Average PSNR results for various learning architectures.
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Figure 12. Comparison results for single-scale versus multi-scale residual learning from 48 and 96 view reconstruction input data.
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Figure 12. Comparison results for single-scale versus multi-scale residual learning from 48 and 96 view reconstruction input data.
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Fig. 2. The overview of the proposed approach that first backpropagates the data into a
complex valued image and then maps this image into the final image with a ConvNet.
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skip connection + concatenation2 x 2 up-conv. + BN + ReLU 3 x 3 conv. + BN + ReLU2 x 2 max pooling 1 x 1 conv.

Fig. 3. Visual illustration of the proposed learning architecture based on U-Net [45]. The
input consists of two channels for the real and imaginary parts of the backpropagated vector
w 2 CN . The output is a single image of the scattering potential x 2 RN .

domain to the image domain. We define the backprojection of the measurements generated by
the kth transmitter as

zk = Pkyk with Pk , diag(u⇤
in,k)SH, (8)

where vector yk 2 CM are the measurements consistent with the kth transmitter and collected
by M receivers, and matrix Pk 2 CN⇥M is the backprojection operator. Inside the operator Pk ,
matrix SH 2 CN⇥M is the Hermitian transpose of the discretized Green’s function S, and u⇤

in,k is
the element-wise conjugate of the incident light field emitted by the kth transmitter. The output
zk 2 CN is a complex vector with N elements, which matches the number of pixels in the original
image. When the data is collected with multiple transmissions, we define the backprojection of K

transmitters as

w =
K’
k=1

zk =
K’
k=1

Pkyk , (9)

where vector w 2 CN is the linear combination of zk and K denotes the number of transmitters.
Note that the backprojection (9) does not rely on the actual forward model H(·) in (5) which is
both nonlinear and object dependent. Remarkably, as we shall see, our simple backprojection
followed by a specific ConvNet architecture will be su�cient to recover a high-quality image
given multiple scattered measurements.

Note that since w is a complex vector, we consider its real and complex parts as two distinct
feature maps of the object f . Thus, the backprojection can be viewed as a fixed layer in a ConvNet
with M inputs and two outputs to the subsequent layers (see Fig. 2) [45]. The weights inside the
layer are characterized by Pk’s, and the activation functions for the output nodes are Re(·) and
Im(·), respectively.
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Figure 11. Comparison results for residual learning and image learning from 64 and 192 view reconstruction input data.

No. of views Single-scale image learning Single-scale residual learning Multi-scale image learning Proposed
48 view 31.0027 31.7550 32.5525 33.3916
64 view 32.1380 32.4456 32.9748 33.8680
96 view 33.2983 33.3569 33.4728 34.5898

192 view 33.7693 33.8390 33.7101 34.9028

Table 1. Average PSNR results for various learning architectures.
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Figure 12. Comparison results for single-scale versus multi-scale residual learning from 48 and 96 view reconstruction input data.
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Figure 12. Comparison results for single-scale versus multi-scale residual learning from 48 and 96 view reconstruction input data.

Use the trained CNN as a Plug-and-Play Prior (PnP)
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Venkatakrishnan  et al., “Plug-and-Play Priors for Model Based Reconstruction,” 2013.
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Plug-and-Play Priors (PnP) approach has been 
shown to yield state-of-the-art results
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Method Average PSNR (dB)  
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TV 29.22

IDD-BM3D 30.92
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Romano  et al., “The Little Engine That Could: Regularization by Denoising,” 2017
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REGULARIZATION BY DENOISING (RED) 1827

(a) Ground Truth (b) Input 20.83dB (c) RED: SD-Median filter 25.87dB

(d) NCSR 28.39dB (e) P 3-TNRD 28.43dB (f) RED: FP-TNRD 28.82dB

Figure 6. Visual comparison of deblurring a cropped area from the image Starfish, degraded by a uniform
PSF, along with the corresponding PSNR [dB] score.

only. In the case of the TNRD denoiser, the parameters that are used in our approach and in
P 3 are listed in Tables 5 and 6, respectively. In the simpler case of the median filter (defined
by a 3 ⇥ 3 window), the number of iterations of the proposed SD algorithm is set to N = 50
with a parameter � = 0.0325.

Interestingly, when setting the median filter to be our denoising engine we get a 2.19dB
improvement (on average) over the bicubic interpolation. Alternatively, when choosing a
stronger denoiser such as TNRD, we achieve state-of-the-art results. Notably, P 3 and the three
variants of the proposed approach lead to similar restoration performance, consistent with the
observation that was made in the context of the deblurring problem. These support once
again the claim that our framework is a tangible alternative to P 3. Figures 8 and 9 visually
compare the proposed method to P 3 and also to the state-of-the-art NCSR. As shown, the
three algorithms o↵er an impressive restoration with sharp and clear edges, complying with
the quantitative results which are given in Table 4.
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Plug-and-Play Priors (PnP) approach has been 
shown to yield state-of-the-art results

Method Average PSNR (dB)  
over 10 images

TV 29.22

IDD-BM3D 30.92

ASDS-Reg 30.11

NCSR 31.09
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Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1828 YANIV ROMANO, MICHAEL ELAD, AND PEYMAN MILANFAR

(a) Ground Truth (b) Input 21.40dB (c) RED: SD-Median filter
27.87dB

(d) NCSR 30.03dB (e) P 3-TNRD 30.36dB (f) RED: ADMM-TNRD
30.40dB

Figure 7. Visual comparison of deblurring a cropped area from the image Leaves, degraded by a Gaussian
PSF, along with the corresponding PSNR [dB] score.

Table 4
Super-resolution results, measured in terms of PSNR [dB] and evaluated on the set of images provided by

the authors of NCSR [9]. The P 3 and our SD, ADMM, and fixed-point (FP) methods build upon TNRD [20]
as the denoising engine. We also provide the results obtained by integrating the median filter in the SD scheme.
PSNR scores being less than 0.01[dB] away from the highest result are highlighted. Similarly to the deblurring
case, the P 3 does not converge here as well. Therefore, we run it for a fixed number of iterations, manually
tuned to achieve the highest PSNR on average. This behavior is demonstrated in detail in Figure 10 and
discussed in section 6.3.

Super-resolution, scaling = 3, � =
p

2
Image Butterfly flower Girl Parth. Parrot Raccoon Bike Hat Plants Average
Bicubic 20.74 24.74 29.61 24.04 25.43 26.20 20.75 27.00 27.62 25.13

ASDS-Reg [72] 26.06 27.83 31.87 26.22 29.01 28.01 23.62 29.61 31.18 28.16
NCSR [9] 26.86 28.08 32.03 26.38 29.51 28.03 23.80 29.94 31.73 28.48
P3-TNRD 27.13 28.23 32.08 26.50 29.65 27.95 24.04 30.30 31.78 28.63

RED: SD-median filter 24.44 27.24 31.13 25.80 27.76 27.65 22.89 28.69 30.24 27.32
RED: SD-TNRD 27.37 28.23 32.08 26.54 29.43 27.98 24.04 30.36 31.79 28.65

RED: ADMM-TNRD 27.22 28.24 32.08 26.51 29.41 27.97 23.96 30.35 31.77 28.61
RED: FP-TNRD 27.26 28.24 32.08 26.52 29.42 27.97 23.97 30.35 31.77 28.62

6.3. Robustness to the choice of parameters. In this subsection we test the robustness
of RED to the choice of its parameters and contrast it to P 3. To this end, we choose the
single image super-resolution problem as a case study, described in the previous subsection.
Figure 10(a) plots the average PSNR obtained by the di↵erent approaches as a function of the
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Fig. 10. Interpolation of a 256 × 256 grayscale image of a set of super ellipses (a) 5% sampling; (b) Shepard 5% random sampling; (c) NLM 5% random
sampling; (d) DSG-NLM 5% random sampling; (e) BM3D 5% random sampling; (f) 10% sampling; (g) Shepard 10%; (h) NLM 10%; (i) DSG-NLM 10%; (j)
BM3D 10%; (k) Ground truth; (l) Primal residual convergence for 10% sampling; (m) Dual residual convergence for 10% sampling.

Fig. 11. Interpolation of a 414 × 414 grayscale image of zinc oxide nano-rods (a) 5% sampling; (b) Shepard 5%; (c) NLM 5%; (d) DSG-NLM 5%; (e) BM3D
5%; (f) 10% sampling; (g) Shepard 10%; (h) NLM 10%; (i) DSG-NLM 10%; (j) BM3D 10%; (k) Ground truthfull view; (l) Ground truthzoomed into the red box;
(m) Primal residual convergence for 10% sampling; (n) Dual residual convergence for 10% sampling.
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TABLE II
IMAGE SUPER RESOLUTION RESULTS

Images

1 2 3 4 5 6 7 8 9 10 Dataset Avg STD
Size 5122 5122 2562 5122 5122 5122 2562 5122 5122 2562 Avg per image

Factor: ×2; Anti-aliasing Filter: Bicubic; Noise: 0

DCNN [9] 25.71 31.83 28.79 31.13 32.73 32.60 35.11 36.34 33.10 33.05 32.04 –
SR [12] 25.87 31.51 27.92 30.94 33.02 32.46 34.79 36.14 32.80 32.67 31.81 –
SPSR [10] 25.71 31.49 27.85 31.00 33.30 32.35 34.37 36.18 32.67 32.66 31.76 –
TSE [52] 25.66 31.64 28.17 31.01 32.88 32.45 34.78 36.22 32.88 33.29 31.90 –
GPR [11] 24.99 29.99 26.44 29.50 30.36 31.33 33.08 34.19 31.09 30.98 30.20 –
Ours - M 25.87 31.85 28.81 31.42 33.63 32.56 35.30 36.45 32.86 33.06 32.18 –
Ours - A 25.74 31.68 28.44 31.27 33.49 32.39 35.20 36.02 32.65 32.65 31.95 –

Factor: ×4; Anti-aliasing Filter: Bicubic; Noise: 0

DCNN [9] 23.93 26.84 23.76 26.08 24.18 28.32 29.48 30.45 28.17 27.88 26.91 –
SR [12] 23.91 26.39 23.43 26.02 24.44 28.17 29.15 30.19 27.94 27.42 26.71 –
SPSR [10] 23.90 26.49 23.42 26.02 25.11 28.14 29.22 30.24 27.85 27.62 26.80 –
TSE [52] 23.90 26.62 23.83 26.10 24.70 28.06 30.03 30.29 28.03 27.97 26.95 –
GPR [11] 23.55 25.47 22.54 25.27 22.33 27.79 27.61 28.74 26.76 25.79 25.58 –
Ours - M 23.99 26.87 23.82 26.32 25.54 28.35 30.16 30.74 28.17 28.26 27.22 –
Ours - A 23.99 26.87 23.83 26.33 25.58 28.29 30.48 30.62 28.12 28.22 27.23 –

Factor: ×2; Anti-aliasing Filter: Gaussian 9 × 9, σ = 1; Noise: 5/255

DCNN [9] 23.61 26.30 23.75 26.21 23.79 27.50 27.84 28.15 27.05 26.07 26.03 0.0219
SR [12] 23.61 26.25 23.71 26.15 23.80 27.41 27.71 28.07 26.99 26.10 25.98 0.0221
SPSR [10] 23.75 26.57 23.88 26.47 23.91 27.80 28.19 28.58 27.33 26.39 26.29 0.0208
TSE [52] 23.57 26.22 23.65 26.12 23.79 27.34 27.55 28.00 26.93 26.11 25.93 0.0238
GPR [11] 23.82 26.81 23.91 26.63 24.05 28.38 29.16 29.54 27.78 26.76 26.68 0.0170
Ours - M 24.64 29.41 26.73 29.22 28.82 29.82 32.65 32.76 29.66 30.10 29.38 0.0267
Ours - M* 24.01 27.09 24.17 27.00 25.03 28.46 29.32 29.78 27.85 26.99 26.97 0.0178

Factor: ×4; Anti-aliasing Filter: Gaussian 9 × 9, σ = 1; Noise: 5/255

DCNN [9] 20.72 21.30 18.91 21.68 16.10 23.39 22.33 22.99 22.46 20.23 21.01 0.0232
SR [12] 20.67 21.30 18.86 21.51 16.37 23.15 22.19 22.85 22.26 20.33 20.95 0.0212
SPSR [10] 20.85 21.58 19.18 21.85 16.59 23.52 22.42 23.05 22.53 20.50 21.21 0.0217
TSE [52] 20.59 21.24 18.80 21.49 16.40 23.14 22.21 22.78 22.21 20.30 20.92 0.0252
GPR [11] 21.55 22.68 19.90 22.77 17.70 24.57 23.51 24.37 23.63 21.35 22.20 0.0313
Ours - M 23.62 25.75 23.06 25.30 24.48 27.17 29.14 29.42 26.86 26.86 26.17 0.0223
Ours - M* 21.21 22.12 19.43 22.43 16.90 24.37 23.13 23.95 23.39 21.13 21.81 0.0253

When noise is present, the PSNR values are averaged over 5 random realizations of the noise pattern. Gray color rows represent external
database methods.

Fig. 8. Image Super Resolution Results. [Top] (from left to right). Ground truth; The low resolution input; Bicubic interpolation; DCNN [9] (24.19 dB). [Bottom]
(from left to right). SPSR [10] (22.44 dB); TSE [52] (22.80 dB); GPR [11] (20.81 dB); Ours-M (23.49 dB).
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Fig. 10. Interpolation of a 256 × 256 grayscale image of a set of super ellipses (a) 5% sampling; (b) Shepard 5% random sampling; (c) NLM 5% random
sampling; (d) DSG-NLM 5% random sampling; (e) BM3D 5% random sampling; (f) 10% sampling; (g) Shepard 10%; (h) NLM 10%; (i) DSG-NLM 10%; (j)
BM3D 10%; (k) Ground truth; (l) Primal residual convergence for 10% sampling; (m) Dual residual convergence for 10% sampling.

Fig. 11. Interpolation of a 414 × 414 grayscale image of zinc oxide nano-rods (a) 5% sampling; (b) Shepard 5%; (c) NLM 5%; (d) DSG-NLM 5%; (e) BM3D
5%; (f) 10% sampling; (g) Shepard 10%; (h) NLM 10%; (i) DSG-NLM 10%; (j) BM3D 10%; (k) Ground truthfull view; (l) Ground truthzoomed into the red box;
(m) Primal residual convergence for 10% sampling; (n) Dual residual convergence for 10% sampling.
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Useful definitions

P(f) , denoise�(f � �rD(f)) fix(P) , {f 2 Rn : f = P(f)}

#1: Let denoise�(·) = prox�R(·). Then, f⇤ 2 fix(P) i↵ it minimizes C = D +R

#3: For nonexpansive denoisers, fixed points of PnP-ADMM coincide with fix(P)

#2: Run PnP-ISTA with a nonexpansive denoiser for t � 1 iterations. Then

min
k2{1,...,t}

�
kfk�1 � P(fk�1)k2`2

 
= O(1/t)
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�
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Convergence in expectation. C is a constant. Note the case when B = t 
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6 ONLINE PLUG-AND-PLAY
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<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit>

� =
1

L
<latexit sha1_base64="U+WCphaFoMpgkvRkD0A3allSBZI=">AAAB/XicdVDLSgMxFM3UV62v+ti5CRbBVcnU1tqFUHTjwkUF+4DOUDJppg1NZoYkI9Rh8FfcuFDErf/hzr8xfQgqeuDC4Zx7ufceL+JMaYQ+rMzC4tLySnY1t7a+sbmV395pqTCWhDZJyEPZ8bCinAW0qZnmtBNJioXHadsbXUz89i2VioXBjR5H1BV4EDCfEayN1MvvOQMsBIZn0PElJomdJldpL19AxZNa5bhUhqiIpjCkilDNrkB7rhTAHI1e/t3phyQWNNCEY6W6Noq0m2CpGeE0zTmxohEmIzygXUMDLKhyk+n1KTw0Sh/6oTQVaDhVv08kWCg1Fp7pFFgP1W9vIv7ldWPtn7oJC6JY04DMFvkxhzqEkyhgn0lKNB8bgolk5lZIhtikoE1gORPC16fwf9IqFW1UtK/Lhfr5PI4s2AcH4AjYoArq4BI0QBMQcAcewBN4tu6tR+vFep21Zqz5zC74AevtE/LalOc=</latexit><latexit sha1_base64="U+WCphaFoMpgkvRkD0A3allSBZI=">AAAB/XicdVDLSgMxFM3UV62v+ti5CRbBVcnU1tqFUHTjwkUF+4DOUDJppg1NZoYkI9Rh8FfcuFDErf/hzr8xfQgqeuDC4Zx7ufceL+JMaYQ+rMzC4tLySnY1t7a+sbmV395pqTCWhDZJyEPZ8bCinAW0qZnmtBNJioXHadsbXUz89i2VioXBjR5H1BV4EDCfEayN1MvvOQMsBIZn0PElJomdJldpL19AxZNa5bhUhqiIpjCkilDNrkB7rhTAHI1e/t3phyQWNNCEY6W6Noq0m2CpGeE0zTmxohEmIzygXUMDLKhyk+n1KTw0Sh/6oTQVaDhVv08kWCg1Fp7pFFgP1W9vIv7ldWPtn7oJC6JY04DMFvkxhzqEkyhgn0lKNB8bgolk5lZIhtikoE1gORPC16fwf9IqFW1UtK/Lhfr5PI4s2AcH4AjYoArq4BI0QBMQcAcewBN4tu6tR+vFep21Zqz5zC74AevtE/LalOc=</latexit><latexit sha1_base64="U+WCphaFoMpgkvRkD0A3allSBZI=">AAAB/XicdVDLSgMxFM3UV62v+ti5CRbBVcnU1tqFUHTjwkUF+4DOUDJppg1NZoYkI9Rh8FfcuFDErf/hzr8xfQgqeuDC4Zx7ufceL+JMaYQ+rMzC4tLySnY1t7a+sbmV395pqTCWhDZJyEPZ8bCinAW0qZnmtBNJioXHadsbXUz89i2VioXBjR5H1BV4EDCfEayN1MvvOQMsBIZn0PElJomdJldpL19AxZNa5bhUhqiIpjCkilDNrkB7rhTAHI1e/t3phyQWNNCEY6W6Noq0m2CpGeE0zTmxohEmIzygXUMDLKhyk+n1KTw0Sh/6oTQVaDhVv08kWCg1Fp7pFFgP1W9vIv7ldWPtn7oJC6JY04DMFvkxhzqEkyhgn0lKNB8bgolk5lZIhtikoE1gORPC16fwf9IqFW1UtK/Lhfr5PI4s2AcH4AjYoArq4BI0QBMQcAcewBN4tu6tR+vFep21Zqz5zC74AevtE/LalOc=</latexit><latexit sha1_base64="U+WCphaFoMpgkvRkD0A3allSBZI=">AAAB/XicdVDLSgMxFM3UV62v+ti5CRbBVcnU1tqFUHTjwkUF+4DOUDJppg1NZoYkI9Rh8FfcuFDErf/hzr8xfQgqeuDC4Zx7ufceL+JMaYQ+rMzC4tLySnY1t7a+sbmV395pqTCWhDZJyEPZ8bCinAW0qZnmtBNJioXHadsbXUz89i2VioXBjR5H1BV4EDCfEayN1MvvOQMsBIZn0PElJomdJldpL19AxZNa5bhUhqiIpjCkilDNrkB7rhTAHI1e/t3phyQWNNCEY6W6Noq0m2CpGeE0zTmxohEmIzygXUMDLKhyk+n1KTw0Sh/6oTQVaDhVv08kWCg1Fp7pFFgP1W9vIv7ldWPtn7oJC6JY04DMFvkxhzqEkyhgn0lKNB8bgolk5lZIhtikoE1gORPC16fwf9IqFW1UtK/Lhfr5PI4s2AcH4AjYoArq4BI0QBMQcAcewBN4tu6tR+vFep21Zqz5zC74AevtE/LalOc=</latexit>

� =
1

4L
<latexit sha1_base64="elUyN6dN9r6sLvSCyNlCIX8HWLI=">AAAB/nicdVDLSgMxFM34rPVVFVdugkVwNSTase1CKLpx4aKCfUBbSibNtKHJzJBkhDIU/BU3LhRx63e4829MH4KKHrhwOOde7r3HjwXXBqEPZ2FxaXllNbOWXd/Y3NrO7ezWdZQoymo0EpFq+kQzwUNWM9wI1owVI9IXrOEPLyd+444pzaPw1oxi1pGkH/KAU2Ks1M3tt/tESgLPYTtQhKZ4nBaux91cHrnIK2DPg8g9LRc9fGZJGRVxsQSxi6bIgzmq3dx7uxfRRLLQUEG0bmEUm05KlOFUsHG2nWgWEzokfdayNCSS6U46PX8Mj6zSg0GkbIUGTtXvEymRWo+kbzslMQP925uIf3mtxASlTsrDODEspLNFQSKgieAkC9jjilEjRpYQqri9FdIBsTEYm1jWhvD1Kfyf1E9cjFx8U8hXLuZxZMABOATHAIMiqIArUAU1QEEKHsATeHbunUfnxXmdtS4485k98APO2yebTZVF</latexit><latexit sha1_base64="elUyN6dN9r6sLvSCyNlCIX8HWLI=">AAAB/nicdVDLSgMxFM34rPVVFVdugkVwNSTase1CKLpx4aKCfUBbSibNtKHJzJBkhDIU/BU3LhRx63e4829MH4KKHrhwOOde7r3HjwXXBqEPZ2FxaXllNbOWXd/Y3NrO7ezWdZQoymo0EpFq+kQzwUNWM9wI1owVI9IXrOEPLyd+444pzaPw1oxi1pGkH/KAU2Ks1M3tt/tESgLPYTtQhKZ4nBaux91cHrnIK2DPg8g9LRc9fGZJGRVxsQSxi6bIgzmq3dx7uxfRRLLQUEG0bmEUm05KlOFUsHG2nWgWEzokfdayNCSS6U46PX8Mj6zSg0GkbIUGTtXvEymRWo+kbzslMQP925uIf3mtxASlTsrDODEspLNFQSKgieAkC9jjilEjRpYQqri9FdIBsTEYm1jWhvD1Kfyf1E9cjFx8U8hXLuZxZMABOATHAIMiqIArUAU1QEEKHsATeHbunUfnxXmdtS4485k98APO2yebTZVF</latexit><latexit sha1_base64="elUyN6dN9r6sLvSCyNlCIX8HWLI=">AAAB/nicdVDLSgMxFM34rPVVFVdugkVwNSTase1CKLpx4aKCfUBbSibNtKHJzJBkhDIU/BU3LhRx63e4829MH4KKHrhwOOde7r3HjwXXBqEPZ2FxaXllNbOWXd/Y3NrO7ezWdZQoymo0EpFq+kQzwUNWM9wI1owVI9IXrOEPLyd+444pzaPw1oxi1pGkH/KAU2Ks1M3tt/tESgLPYTtQhKZ4nBaux91cHrnIK2DPg8g9LRc9fGZJGRVxsQSxi6bIgzmq3dx7uxfRRLLQUEG0bmEUm05KlOFUsHG2nWgWEzokfdayNCSS6U46PX8Mj6zSg0GkbIUGTtXvEymRWo+kbzslMQP925uIf3mtxASlTsrDODEspLNFQSKgieAkC9jjilEjRpYQqri9FdIBsTEYm1jWhvD1Kfyf1E9cjFx8U8hXLuZxZMABOATHAIMiqIArUAU1QEEKHsATeHbunUfnxXmdtS4485k98APO2yebTZVF</latexit><latexit sha1_base64="elUyN6dN9r6sLvSCyNlCIX8HWLI=">AAAB/nicdVDLSgMxFM34rPVVFVdugkVwNSTase1CKLpx4aKCfUBbSibNtKHJzJBkhDIU/BU3LhRx63e4829MH4KKHrhwOOde7r3HjwXXBqEPZ2FxaXllNbOWXd/Y3NrO7ezWdZQoymo0EpFq+kQzwUNWM9wI1owVI9IXrOEPLyd+444pzaPw1oxi1pGkH/KAU2Ks1M3tt/tESgLPYTtQhKZ4nBaux91cHrnIK2DPg8g9LRc9fGZJGRVxsQSxi6bIgzmq3dx7uxfRRLLQUEG0bmEUm05KlOFUsHG2nWgWEzokfdayNCSS6U46PX8Mj6zSg0GkbIUGTtXvEymRWo+kbzslMQP925uIf3mtxASlTsrDODEspLNFQSKgieAkC9jjilEjRpYQqri9FdIBsTEYm1jWhvD1Kfyf1E9cjFx8U8hXLuZxZMABOATHAIMiqIArUAU1QEEKHsATeHbunUfnxXmdtS4485k98APO2yebTZVF</latexit>

� =
1

16L
<latexit sha1_base64="a709TImq/Ng8qaLBE2C86/TDZvA=">AAAB/3icdZBLSwMxFIUz9VXra1Rw4yZYBFdlUuzoRii6ceGigm2FzlAyaaYNTWaGJCOUcRb+FTcuFHHr33DnvzF9CFX0QOBwzr3k8gUJZ0o7zqdVWFhcWl4prpbW1jc2t+ztnZaKU0lok8Q8lrcBVpSziDY105zeJpJiEXDaDoYX4759R6VicXSjRwn1Be5HLGQEaxN17T2vj4XA8Ax6ocQkQ3mG3Ku8a5dRxZkIOhWEatWaa4zjVt2aA7+rMpip0bU/vF5MUkEjTThWqoOcRPsZlpoRTvOSlyqaYDLEfdoxNsKCKj+b3J/DQ5P0YBhL8yINJ+n8RoaFUiMRmEmB9UD97sbhX10n1eGpn7EoSTWNyPSjMOVQx3AMA/aYpETzkTGYSGZuhWSADQdtkJXmIfxvWtUKMoiuj8v18xmOItgHB+AIIHAC6uASNEATEHAPHsEzeLEerCfr1Xqbjhas2c4u+CHr/QvWX5VX</latexit><latexit sha1_base64="a709TImq/Ng8qaLBE2C86/TDZvA=">AAAB/3icdZBLSwMxFIUz9VXra1Rw4yZYBFdlUuzoRii6ceGigm2FzlAyaaYNTWaGJCOUcRb+FTcuFHHr33DnvzF9CFX0QOBwzr3k8gUJZ0o7zqdVWFhcWl4prpbW1jc2t+ztnZaKU0lok8Q8lrcBVpSziDY105zeJpJiEXDaDoYX4759R6VicXSjRwn1Be5HLGQEaxN17T2vj4XA8Ax6ocQkQ3mG3Ku8a5dRxZkIOhWEatWaa4zjVt2aA7+rMpip0bU/vF5MUkEjTThWqoOcRPsZlpoRTvOSlyqaYDLEfdoxNsKCKj+b3J/DQ5P0YBhL8yINJ+n8RoaFUiMRmEmB9UD97sbhX10n1eGpn7EoSTWNyPSjMOVQx3AMA/aYpETzkTGYSGZuhWSADQdtkJXmIfxvWtUKMoiuj8v18xmOItgHB+AIIHAC6uASNEATEHAPHsEzeLEerCfr1Xqbjhas2c4u+CHr/QvWX5VX</latexit><latexit sha1_base64="a709TImq/Ng8qaLBE2C86/TDZvA=">AAAB/3icdZBLSwMxFIUz9VXra1Rw4yZYBFdlUuzoRii6ceGigm2FzlAyaaYNTWaGJCOUcRb+FTcuFHHr33DnvzF9CFX0QOBwzr3k8gUJZ0o7zqdVWFhcWl4prpbW1jc2t+ztnZaKU0lok8Q8lrcBVpSziDY105zeJpJiEXDaDoYX4759R6VicXSjRwn1Be5HLGQEaxN17T2vj4XA8Ax6ocQkQ3mG3Ku8a5dRxZkIOhWEatWaa4zjVt2aA7+rMpip0bU/vF5MUkEjTThWqoOcRPsZlpoRTvOSlyqaYDLEfdoxNsKCKj+b3J/DQ5P0YBhL8yINJ+n8RoaFUiMRmEmB9UD97sbhX10n1eGpn7EoSTWNyPSjMOVQx3AMA/aYpETzkTGYSGZuhWSADQdtkJXmIfxvWtUKMoiuj8v18xmOItgHB+AIIHAC6uASNEATEHAPHsEzeLEerCfr1Xqbjhas2c4u+CHr/QvWX5VX</latexit><latexit sha1_base64="a709TImq/Ng8qaLBE2C86/TDZvA=">AAAB/3icdZBLSwMxFIUz9VXra1Rw4yZYBFdlUuzoRii6ceGigm2FzlAyaaYNTWaGJCOUcRb+FTcuFHHr33DnvzF9CFX0QOBwzr3k8gUJZ0o7zqdVWFhcWl4prpbW1jc2t+ztnZaKU0lok8Q8lrcBVpSziDY105zeJpJiEXDaDoYX4759R6VicXSjRwn1Be5HLGQEaxN17T2vj4XA8Ax6ocQkQ3mG3Ku8a5dRxZkIOhWEatWaa4zjVt2aA7+rMpip0bU/vF5MUkEjTThWqoOcRPsZlpoRTvOSlyqaYDLEfdoxNsKCKj+b3J/DQ5P0YBhL8yINJ+n8RoaFUiMRmEmB9UD97sbhX10n1eGpn7EoSTWNyPSjMOVQx3AMA/aYpETzkTGYSGZuhWSADQdtkJXmIfxvWtUKMoiuj8v18xmOItgHB+AIIHAC6uASNEATEHAPHsEzeLEerCfr1Xqbjhas2c4u+CHr/QvWX5VX</latexit>

D(xk)
<latexit sha1_base64="zCdihPJoYhpNgmjyqEuofnZN4mk=">AAACDHicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREBF0WdeGygn1AG8tkOmmHzkzCzESsIb/gN7jVtTtx6z+49E+cplnY1gMXDufcyz0cP2JUacf5tgpLyyura8X10sbm1vaOvbvXVGEsMWngkIWy7SNFGBWkoalmpB1JgrjPSMsfXU381gORiobiTo8j4nE0EDSgGGkj9eyDLkd6qILkOq10fZ48pvejk55ddqpOBrhI3JyUQY56z/7p9kMccyI0ZkipjutE2kuQ1BQzkpa6sSIRwiM0IB1DBeJEeUmWPoXHRunDIJRmhIaZ+vciQVypMffNZpZ13puI/3mdWAcXXkJFFGsi8PRREDOoQzipAvapJFizsSEIS2qyQjxEEmFtCpv54vPUdOLON7BImqdV16m6t2fl2mXeThEcgiNQAS44BzVwA+qgATB4Ai/gFbxZz9a79WF9TlcLVn6zD2Zgff0CoOyb2Q==</latexit><latexit sha1_base64="zCdihPJoYhpNgmjyqEuofnZN4mk=">AAACDHicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREBF0WdeGygn1AG8tkOmmHzkzCzESsIb/gN7jVtTtx6z+49E+cplnY1gMXDufcyz0cP2JUacf5tgpLyyura8X10sbm1vaOvbvXVGEsMWngkIWy7SNFGBWkoalmpB1JgrjPSMsfXU381gORiobiTo8j4nE0EDSgGGkj9eyDLkd6qILkOq10fZ48pvejk55ddqpOBrhI3JyUQY56z/7p9kMccyI0ZkipjutE2kuQ1BQzkpa6sSIRwiM0IB1DBeJEeUmWPoXHRunDIJRmhIaZ+vciQVypMffNZpZ13puI/3mdWAcXXkJFFGsi8PRREDOoQzipAvapJFizsSEIS2qyQjxEEmFtCpv54vPUdOLON7BImqdV16m6t2fl2mXeThEcgiNQAS44BzVwA+qgATB4Ai/gFbxZz9a79WF9TlcLVn6zD2Zgff0CoOyb2Q==</latexit><latexit sha1_base64="zCdihPJoYhpNgmjyqEuofnZN4mk=">AAACDHicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREBF0WdeGygn1AG8tkOmmHzkzCzESsIb/gN7jVtTtx6z+49E+cplnY1gMXDufcyz0cP2JUacf5tgpLyyura8X10sbm1vaOvbvXVGEsMWngkIWy7SNFGBWkoalmpB1JgrjPSMsfXU381gORiobiTo8j4nE0EDSgGGkj9eyDLkd6qILkOq10fZ48pvejk55ddqpOBrhI3JyUQY56z/7p9kMccyI0ZkipjutE2kuQ1BQzkpa6sSIRwiM0IB1DBeJEeUmWPoXHRunDIJRmhIaZ+vciQVypMffNZpZ13puI/3mdWAcXXkJFFGsi8PRREDOoQzipAvapJFizsSEIS2qyQjxEEmFtCpv54vPUdOLON7BImqdV16m6t2fl2mXeThEcgiNQAS44BzVwA+qgATB4Ai/gFbxZz9a79WF9TlcLVn6zD2Zgff0CoOyb2Q==</latexit><latexit sha1_base64="zCdihPJoYhpNgmjyqEuofnZN4mk=">AAACDHicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREBF0WdeGygn1AG8tkOmmHzkzCzESsIb/gN7jVtTtx6z+49E+cplnY1gMXDufcyz0cP2JUacf5tgpLyyura8X10sbm1vaOvbvXVGEsMWngkIWy7SNFGBWkoalmpB1JgrjPSMsfXU381gORiobiTo8j4nE0EDSgGGkj9eyDLkd6qILkOq10fZ48pvejk55ddqpOBrhI3JyUQY56z/7p9kMccyI0ZkipjutE2kuQ1BQzkpa6sSIRwiM0IB1DBeJEeUmWPoXHRunDIJRmhIaZ+vciQVypMffNZpZ13puI/3mdWAcXXkJFFGsi8PRREDOoQzipAvapJFizsSEIS2qyQjxEEmFtCpv54vPUdOLON7BImqdV16m6t2fl2mXeThEcgiNQAS44BzVwA+qgATB4Ai/gFbxZz9a79WF9TlcLVn6zD2Zgff0CoOyb2Q==</latexit>

accelerated
<latexit sha1_base64="g+cASlGtVEDhCSPybip4rYvlBaw=">AAAB/XicbVDLSsNAFJ3UV62v+ti5GSyCq5KIoMuiG5cV7APaUCaTm3bo5MHMjVBD8VfcuFDErf/hzr9xmmahrQcGDufcyz1zvEQKjbb9bZVWVtfWN8qbla3tnd296v5BW8ep4tDisYxV12MapIighQIldBMFLPQkdLzxzczvPIDSIo7ucZKAG7JhJALBGRppUD3qhwxHOsgY5yBBMQR/OqjW7Lqdgy4TpyA1UqA5qH71/ZinIUTIJdO659gJuhlTKLiEaaWfakgYH7Mh9AyNWAjazfL0U3pqFJ8GsTIvQpqrvzcyFmo9CT0zmWdd9Gbif14vxeDKzUSUpAgRnx8KUkkxprMqqC8UcJQTQxhXwmSlfMQU42gKq5gSnMUvL5P2ed2x687dRa1xXdRRJsfkhJwRh1ySBrklTdIinDySZ/JK3qwn68V6tz7moyWr2Dkkf2B9/gA8tJW3</latexit><latexit sha1_base64="g+cASlGtVEDhCSPybip4rYvlBaw=">AAAB/XicbVDLSsNAFJ3UV62v+ti5GSyCq5KIoMuiG5cV7APaUCaTm3bo5MHMjVBD8VfcuFDErf/hzr9xmmahrQcGDufcyz1zvEQKjbb9bZVWVtfWN8qbla3tnd296v5BW8ep4tDisYxV12MapIighQIldBMFLPQkdLzxzczvPIDSIo7ucZKAG7JhJALBGRppUD3qhwxHOsgY5yBBMQR/OqjW7Lqdgy4TpyA1UqA5qH71/ZinIUTIJdO659gJuhlTKLiEaaWfakgYH7Mh9AyNWAjazfL0U3pqFJ8GsTIvQpqrvzcyFmo9CT0zmWdd9Gbif14vxeDKzUSUpAgRnx8KUkkxprMqqC8UcJQTQxhXwmSlfMQU42gKq5gSnMUvL5P2ed2x687dRa1xXdRRJsfkhJwRh1ySBrklTdIinDySZ/JK3qwn68V6tz7moyWr2Dkkf2B9/gA8tJW3</latexit><latexit sha1_base64="g+cASlGtVEDhCSPybip4rYvlBaw=">AAAB/XicbVDLSsNAFJ3UV62v+ti5GSyCq5KIoMuiG5cV7APaUCaTm3bo5MHMjVBD8VfcuFDErf/hzr9xmmahrQcGDufcyz1zvEQKjbb9bZVWVtfWN8qbla3tnd296v5BW8ep4tDisYxV12MapIighQIldBMFLPQkdLzxzczvPIDSIo7ucZKAG7JhJALBGRppUD3qhwxHOsgY5yBBMQR/OqjW7Lqdgy4TpyA1UqA5qH71/ZinIUTIJdO659gJuhlTKLiEaaWfakgYH7Mh9AyNWAjazfL0U3pqFJ8GsTIvQpqrvzcyFmo9CT0zmWdd9Gbif14vxeDKzUSUpAgRnx8KUkkxprMqqC8UcJQTQxhXwmSlfMQU42gKq5gSnMUvL5P2ed2x687dRa1xXdRRJsfkhJwRh1ySBrklTdIinDySZ/JK3qwn68V6tz7moyWr2Dkkf2B9/gA8tJW3</latexit><latexit sha1_base64="g+cASlGtVEDhCSPybip4rYvlBaw=">AAAB/XicbVDLSsNAFJ3UV62v+ti5GSyCq5KIoMuiG5cV7APaUCaTm3bo5MHMjVBD8VfcuFDErf/hzr9xmmahrQcGDufcyz1zvEQKjbb9bZVWVtfWN8qbla3tnd296v5BW8ep4tDisYxV12MapIighQIldBMFLPQkdLzxzczvPIDSIo7ucZKAG7JhJALBGRppUD3qhwxHOsgY5yBBMQR/OqjW7Lqdgy4TpyA1UqA5qH71/ZinIUTIJdO659gJuhlTKLiEaaWfakgYH7Mh9AyNWAjazfL0U3pqFJ8GsTIvQpqrvzcyFmo9CT0zmWdd9Gbif14vxeDKzUSUpAgRnx8KUkkxprMqqC8UcJQTQxhXwmSlfMQU42gKq5gSnMUvL5P2ed2x687dRa1xXdRRJsfkhJwRh1ySBrklTdIinDySZ/JK3qwn68V6tz7moyWr2Dkkf2B9/gA8tJW3</latexit>

basic<latexit sha1_base64="u0eFoCcBEWKLFJkf2d6QIHYUdIY=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkyaaUMzmSG5o5Sh/+HGhSJu/Rd3/o3pdBbaeiBwOOfe5OQEiRQGXffbWVldW9/YLG2Vt3d29/YrB4ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4Zua3H7k2Ilb3OEm4H9GhEqFgFK300IsojkyY2SsEm/YrVbfm5iDLxCtIFQo0+pWv3iBmacQVMkmN6Xpugn5GNQom+bTcSw1PKBvTIe9aqmjEjZ/lqafk1CoDEsbaHoUkV39vZDQyZhIFdjJPuejNxP+8borhlZ8JlaTIFZs/FKaSYExmFZCB0JyhnFhCmRY2K2EjqilDW1TZluAtfnmZtM5rnlvz7i6q9euijhIcwwmcgQeXUIdbaEATGGh4hld4c56cF+fd+ZiPrjjFzhH8gfP5AxN1kt8=</latexit><latexit sha1_base64="u0eFoCcBEWKLFJkf2d6QIHYUdIY=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkyaaUMzmSG5o5Sh/+HGhSJu/Rd3/o3pdBbaeiBwOOfe5OQEiRQGXffbWVldW9/YLG2Vt3d29/YrB4ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4Zua3H7k2Ilb3OEm4H9GhEqFgFK300IsojkyY2SsEm/YrVbfm5iDLxCtIFQo0+pWv3iBmacQVMkmN6Xpugn5GNQom+bTcSw1PKBvTIe9aqmjEjZ/lqafk1CoDEsbaHoUkV39vZDQyZhIFdjJPuejNxP+8borhlZ8JlaTIFZs/FKaSYExmFZCB0JyhnFhCmRY2K2EjqilDW1TZluAtfnmZtM5rnlvz7i6q9euijhIcwwmcgQeXUIdbaEATGGh4hld4c56cF+fd+ZiPrjjFzhH8gfP5AxN1kt8=</latexit><latexit sha1_base64="u0eFoCcBEWKLFJkf2d6QIHYUdIY=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkyaaUMzmSG5o5Sh/+HGhSJu/Rd3/o3pdBbaeiBwOOfe5OQEiRQGXffbWVldW9/YLG2Vt3d29/YrB4ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4Zua3H7k2Ilb3OEm4H9GhEqFgFK300IsojkyY2SsEm/YrVbfm5iDLxCtIFQo0+pWv3iBmacQVMkmN6Xpugn5GNQom+bTcSw1PKBvTIe9aqmjEjZ/lqafk1CoDEsbaHoUkV39vZDQyZhIFdjJPuejNxP+8borhlZ8JlaTIFZs/FKaSYExmFZCB0JyhnFhCmRY2K2EjqilDW1TZluAtfnmZtM5rnlvz7i6q9euijhIcwwmcgQeXUIdbaEATGGh4hld4c56cF+fd+ZiPrjjFzhH8gfP5AxN1kt8=</latexit><latexit sha1_base64="u0eFoCcBEWKLFJkf2d6QIHYUdIY=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkyaaUMzmSG5o5Sh/+HGhSJu/Rd3/o3pdBbaeiBwOOfe5OQEiRQGXffbWVldW9/YLG2Vt3d29/YrB4ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4Zua3H7k2Ilb3OEm4H9GhEqFgFK300IsojkyY2SsEm/YrVbfm5iDLxCtIFQo0+pWv3iBmacQVMkmN6Xpugn5GNQom+bTcSw1PKBvTIe9aqmjEjZ/lqafk1CoDEsbaHoUkV39vZDQyZhIFdjJPuejNxP+8borhlZ8JlaTIFZs/FKaSYExmFZCB0JyhnFhCmRY2K2EjqilDW1TZluAtfnmZtM5rnlvz7i6q9euijhIcwwmcgQeXUIdbaEATGGh4hld4c56cF+fd+ZiPrjjFzhH8gfP5AxN1kt8=</latexit>

Fig. 2. Illustration of the influence of the step-size � on the convergence of PnP-SGD under BM3D. The distance to a fixed point is plotted against the
iteration number for 3 distinct step-sizes for both accelerated (dashed) and basic (solid) variants of PnP-SGD for B = 30. The dotted line at the bottom shows
the minimal distance to a fixed point attained by the algorithm. This plot illustrates that the empirical performance of PnP-SGD under BM3D is consistent
with Proposition 5, where the accuracy improves with smaller �.
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<latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="i21blzHBwl/OPIo/vlvVfBB8eO0=">AAAB6HicbZBLSwMxFIXv1FetVevaTbAIrsqMG10KblxWsA9oh5LJZNrQPIbkjlKG/gG3rt2J/8ml/8T0sbDWA4HDOQn35ktyKRyG4VdQ2dnd2z+oHtaO6rXjk9NGvetMYRnvMCON7SfUcSk076BAyfu55VQlkveS6f2i7z1z64TRTzjLeazoWItMMIo+ao8azbAVLkW2TbQ2TVhr1PgepoYVimtkkjo3iMIc45JaFEzyeW1YOJ5TNqVjPvBWU8VdXC7XnJNLn6QkM9YfjWSZ/n5RUuXcTCX+pqI4cX+7RfhfNygwu41LofMCuWarQVkhCRqy+DNJheUM5cwbyqzwuxI2oZYy9GQ2piRq7pFEfwFsm+51Kwpb0WMIVTiHC7iCCG7gDh6gDR1gkMIrvAUvwXvwsUJXCdYMz2BDwecPfSOQvw==</latexit><latexit sha1_base64="3W5C8C5udT27UIEaeJc4IdeGniA=">AAACGnicbZDLSgMxGIX/qbdaq45u3QSLUBctM93oUnDjsoK9QKeWTJppQ5OZIcmIZTpP4UP4DG517U4El76J6QW0rQcCh3MS/j+fH3OmtON8WbmNza3tnfxuYa+4f3BoHxWbKkokoQ0S8Ui2fawoZyFtaKY5bceSYuFz2vJH19O+9UClYlF4p8cx7Qo8CFnACNYm6tkVb4I8X6SP2X06ylAFeQLroQrSelb+zc+RN7mv9Wo9u+RUnZnQunEXpgQL1Xv2t9ePSCJoqAnHSnVcJ9bdFEvNCKdZwUsUjTEZ4QHtGBtiQVU3nX0rQ2cm6aMgkuaEGs3Svy9SLJQaC9/cnC292k3D/7pOooPLbsrCONE0JPNBQcKRjtCUEeozSYnmY2MwkczsisgQS0y0Ibk0xReZYeKuElg3zVrVdarurQN5OIFTKIMLF3AFN1CHBhB4ghd4hTfr2Xq3Pub0ctYC4zEsyfr8AUtdpCE=</latexit><latexit sha1_base64="3W5C8C5udT27UIEaeJc4IdeGniA=">AAACGnicbZDLSgMxGIX/qbdaq45u3QSLUBctM93oUnDjsoK9QKeWTJppQ5OZIcmIZTpP4UP4DG517U4El76J6QW0rQcCh3MS/j+fH3OmtON8WbmNza3tnfxuYa+4f3BoHxWbKkokoQ0S8Ui2fawoZyFtaKY5bceSYuFz2vJH19O+9UClYlF4p8cx7Qo8CFnACNYm6tkVb4I8X6SP2X06ylAFeQLroQrSelb+zc+RN7mv9Wo9u+RUnZnQunEXpgQL1Xv2t9ePSCJoqAnHSnVcJ9bdFEvNCKdZwUsUjTEZ4QHtGBtiQVU3nX0rQ2cm6aMgkuaEGs3Svy9SLJQaC9/cnC292k3D/7pOooPLbsrCONE0JPNBQcKRjtCUEeozSYnmY2MwkczsisgQS0y0Ibk0xReZYeKuElg3zVrVdarurQN5OIFTKIMLF3AFN1CHBhB4ghd4hTfr2Xq3Pub0ctYC4zEsyfr8AUtdpCE=</latexit><latexit sha1_base64="IFCS+Urw4EPfssCr6b7jDMpHf90=">AAACJXicbVDLSsNAFJ3UV62vqEs3g0Woi5akG10W3bisYB/QtGEynbRDZ5IwMxFLmq/wI/wGt7p2J4Ir8U+ctgFt64ELh3Pu5d57vIhRqSzr08itrW9sbuW3Czu7e/sH5uFRU4axwKSBQxaKtockYTQgDUUVI+1IEMQ9Rlre6Hrqt+6JkDQM7tQ4Il2OBgH1KUZKS65ZdibQ8XjykPaSUQrL0OFIDaWf1NPSr34OnUmv6lZds2hVrBngKrEzUgQZ6q757fRDHHMSKMyQlB3bilQ3QUJRzEhacGJJIoRHaEA6mgaIE9lNZm+l8EwrfeiHQleg4Ez9O5EgLuWYe7pzdvSyNxX/8zqx8i+7CQ2iWJEAzxf5MYMqhNOMYJ8KghUba4KwoPpWiIdIIKx0kgtbPJ7qTOzlBFZJs1qxrYp9axVrV1k6eXACTkEJ2OAC1MANqIMGwOARPIMX8Go8GW/Gu/Exb80Z2cwxWIDx9QNlv6Wt</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit>

B = 10
<latexit sha1_base64="36BlG0oH6BZpuB1KawttG8gJWRI=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjK1tXYhlLpxWcE+oB1KJs20sZlkSDJCKf0HNy4Ucev/uPNvTNsRVPTAhcM593LvPUHMmTYIfTiZldW19Y3sZm5re2d3L79/0NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxldzv31PlWZS3JpJTP0IDwULGcHGSq06vIQe6ucLyD2vls+KJYhctIAlFYSqXhl6qVIAKRr9/HtvIEkSUWEIx1p3PRQbf4qVYYTTWa6XaBpjMsZD2rVU4Ihqf7q4dgZPrDKAoVS2hIEL9fvEFEdaT6LAdkbYjPRvby7+5XUTE174UybixFBBlovChEMj4fx1OGCKEsMnlmCimL0VkhFWmBgbUM6G8PUp/J+0iq6HXO+mVKjV0ziy4Agcg1PggQqogWvQAE1AwB14AE/g2ZHOo/PivC5bM046cwh+wHn7BOqPjgk=</latexit><latexit sha1_base64="36BlG0oH6BZpuB1KawttG8gJWRI=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjK1tXYhlLpxWcE+oB1KJs20sZlkSDJCKf0HNy4Ucev/uPNvTNsRVPTAhcM593LvPUHMmTYIfTiZldW19Y3sZm5re2d3L79/0NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxldzv31PlWZS3JpJTP0IDwULGcHGSq06vIQe6ucLyD2vls+KJYhctIAlFYSqXhl6qVIAKRr9/HtvIEkSUWEIx1p3PRQbf4qVYYTTWa6XaBpjMsZD2rVU4Ihqf7q4dgZPrDKAoVS2hIEL9fvEFEdaT6LAdkbYjPRvby7+5XUTE174UybixFBBlovChEMj4fx1OGCKEsMnlmCimL0VkhFWmBgbUM6G8PUp/J+0iq6HXO+mVKjV0ziy4Agcg1PggQqogWvQAE1AwB14AE/g2ZHOo/PivC5bM046cwh+wHn7BOqPjgk=</latexit><latexit sha1_base64="36BlG0oH6BZpuB1KawttG8gJWRI=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjK1tXYhlLpxWcE+oB1KJs20sZlkSDJCKf0HNy4Ucev/uPNvTNsRVPTAhcM593LvPUHMmTYIfTiZldW19Y3sZm5re2d3L79/0NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxldzv31PlWZS3JpJTP0IDwULGcHGSq06vIQe6ucLyD2vls+KJYhctIAlFYSqXhl6qVIAKRr9/HtvIEkSUWEIx1p3PRQbf4qVYYTTWa6XaBpjMsZD2rVU4Ihqf7q4dgZPrDKAoVS2hIEL9fvEFEdaT6LAdkbYjPRvby7+5XUTE174UybixFBBlovChEMj4fx1OGCKEsMnlmCimL0VkhFWmBgbUM6G8PUp/J+0iq6HXO+mVKjV0ziy4Agcg1PggQqogWvQAE1AwB14AE/g2ZHOo/PivC5bM046cwh+wHn7BOqPjgk=</latexit><latexit sha1_base64="36BlG0oH6BZpuB1KawttG8gJWRI=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjK1tXYhlLpxWcE+oB1KJs20sZlkSDJCKf0HNy4Ucev/uPNvTNsRVPTAhcM593LvPUHMmTYIfTiZldW19Y3sZm5re2d3L79/0NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxldzv31PlWZS3JpJTP0IDwULGcHGSq06vIQe6ucLyD2vls+KJYhctIAlFYSqXhl6qVIAKRr9/HtvIEkSUWEIx1p3PRQbf4qVYYTTWa6XaBpjMsZD2rVU4Ihqf7q4dgZPrDKAoVS2hIEL9fvEFEdaT6LAdkbYjPRvby7+5XUTE174UybixFBBlovChEMj4fx1OGCKEsMnlmCimL0VkhFWmBgbUM6G8PUp/J+0iq6HXO+mVKjV0ziy4Agcg1PggQqogWvQAE1AwB14AE/g2ZHOo/PivC5bM046cwh+wHn7BOqPjgk=</latexit>

B = 20
<latexit sha1_base64="7HG/ZufcYY5Go8lvDKvr6e1VCxM=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjKttnUhlLpxWcE+oB1KJs20sZlkSDJCGfoPblwo4tb/ceffmD4EFT1w4XDOvdx7TxBzpg1CH05mZXVtfSO7mdva3tndy+8ftLRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8dXMb99TpZkUt2YSUz/CQ8FCRrCxUqsOL2ER9fMF5KLzYqlcgsgtVYsIeZZUyxcVq3gumqMAlmj08++9gSRJRIUhHGvd9VBs/BQrwwin01wv0TTGZIyHtGupwBHVfjq/dgpPrDKAoVS2hIFz9ftEiiOtJ1FgOyNsRvq3NxP/8rqJCat+ykScGCrIYlGYcGgknL0OB0xRYvjEEkwUs7dCMsIKE2MDytkQvj6F/5NW0fWQ692cFWr1ZRxZcASOwSnwQAXUwDVogCYg4A48gCfw7Ejn0XlxXhetGWc5cwh+wHn7BAmbjh8=</latexit><latexit sha1_base64="7HG/ZufcYY5Go8lvDKvr6e1VCxM=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjKttnUhlLpxWcE+oB1KJs20sZlkSDJCGfoPblwo4tb/ceffmD4EFT1w4XDOvdx7TxBzpg1CH05mZXVtfSO7mdva3tndy+8ftLRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8dXMb99TpZkUt2YSUz/CQ8FCRrCxUqsOL2ER9fMF5KLzYqlcgsgtVYsIeZZUyxcVq3gumqMAlmj08++9gSRJRIUhHGvd9VBs/BQrwwin01wv0TTGZIyHtGupwBHVfjq/dgpPrDKAoVS2hIFz9ftEiiOtJ1FgOyNsRvq3NxP/8rqJCat+ykScGCrIYlGYcGgknL0OB0xRYvjEEkwUs7dCMsIKE2MDytkQvj6F/5NW0fWQ692cFWr1ZRxZcASOwSnwQAXUwDVogCYg4A48gCfw7Ejn0XlxXhetGWc5cwh+wHn7BAmbjh8=</latexit><latexit sha1_base64="7HG/ZufcYY5Go8lvDKvr6e1VCxM=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjKttnUhlLpxWcE+oB1KJs20sZlkSDJCGfoPblwo4tb/ceffmD4EFT1w4XDOvdx7TxBzpg1CH05mZXVtfSO7mdva3tndy+8ftLRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8dXMb99TpZkUt2YSUz/CQ8FCRrCxUqsOL2ER9fMF5KLzYqlcgsgtVYsIeZZUyxcVq3gumqMAlmj08++9gSRJRIUhHGvd9VBs/BQrwwin01wv0TTGZIyHtGupwBHVfjq/dgpPrDKAoVS2hIFz9ftEiiOtJ1FgOyNsRvq3NxP/8rqJCat+ykScGCrIYlGYcGgknL0OB0xRYvjEEkwUs7dCMsIKE2MDytkQvj6F/5NW0fWQ692cFWr1ZRxZcASOwSnwQAXUwDVogCYg4A48gCfw7Ejn0XlxXhetGWc5cwh+wHn7BAmbjh8=</latexit><latexit sha1_base64="7HG/ZufcYY5Go8lvDKvr6e1VCxM=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjKttnUhlLpxWcE+oB1KJs20sZlkSDJCGfoPblwo4tb/ceffmD4EFT1w4XDOvdx7TxBzpg1CH05mZXVtfSO7mdva3tndy+8ftLRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8dXMb99TpZkUt2YSUz/CQ8FCRrCxUqsOL2ER9fMF5KLzYqlcgsgtVYsIeZZUyxcVq3gumqMAlmj08++9gSRJRIUhHGvd9VBs/BQrwwin01wv0TTGZIyHtGupwBHVfjq/dgpPrDKAoVS2hIFz9ftEiiOtJ1FgOyNsRvq3NxP/8rqJCat+ykScGCrIYlGYcGgknL0OB0xRYvjEEkwUs7dCMsIKE2MDytkQvj6F/5NW0fWQ692cFWr1ZRxZcASOwSnwQAXUwDVogCYg4A48gCfw7Ejn0XlxXhetGWc5cwh+wHn7BAmbjh8=</latexit>

B = 30
<latexit sha1_base64="XitPi9tqSDRyzFh3rPykJmSV0GU=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgKexGE70IIV48RjAPSJYwO5lNxszOLDOzQljyD148KOLV//Hm3zh5CFG0oKGo6qa7K4g508Z1P53Myura+kZ2M7e1vbO7l98/aGqZKEIbRHKp2gHWlDNBG4YZTtuxojgKOG0Fo+up33qgSjMp7sw4pn6EB4KFjGBjpWYNXaEzt5cveEV3BuQWPa9cKlcscSulStlF31YBFqj38h/dviRJRIUhHGvd8dzY+ClWhhFOJ7luommMyQgPaMdSgSOq/XR27QSdWKWPQqlsCYNm6vJEiiOtx1FgOyNshvq3NxX/8jqJCS/9lIk4MVSQ+aIw4chINH0d9ZmixPCxJZgoZm9FZIgVJsYGlFsO4X/SLBU9G9HteaFaW8SRhSM4hlPw4AKqcAN1aACBe3iEZ3hxpPPkvDpv89aMs5g5hB9w3r8A3LCOAA==</latexit><latexit sha1_base64="XitPi9tqSDRyzFh3rPykJmSV0GU=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgKexGE70IIV48RjAPSJYwO5lNxszOLDOzQljyD148KOLV//Hm3zh5CFG0oKGo6qa7K4g508Z1P53Myura+kZ2M7e1vbO7l98/aGqZKEIbRHKp2gHWlDNBG4YZTtuxojgKOG0Fo+up33qgSjMp7sw4pn6EB4KFjGBjpWYNXaEzt5cveEV3BuQWPa9cKlcscSulStlF31YBFqj38h/dviRJRIUhHGvd8dzY+ClWhhFOJ7luommMyQgPaMdSgSOq/XR27QSdWKWPQqlsCYNm6vJEiiOtx1FgOyNshvq3NxX/8jqJCS/9lIk4MVSQ+aIw4chINH0d9ZmixPCxJZgoZm9FZIgVJsYGlFsO4X/SLBU9G9HteaFaW8SRhSM4hlPw4AKqcAN1aACBe3iEZ3hxpPPkvDpv89aMs5g5hB9w3r8A3LCOAA==</latexit><latexit sha1_base64="XitPi9tqSDRyzFh3rPykJmSV0GU=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgKexGE70IIV48RjAPSJYwO5lNxszOLDOzQljyD148KOLV//Hm3zh5CFG0oKGo6qa7K4g508Z1P53Myura+kZ2M7e1vbO7l98/aGqZKEIbRHKp2gHWlDNBG4YZTtuxojgKOG0Fo+up33qgSjMp7sw4pn6EB4KFjGBjpWYNXaEzt5cveEV3BuQWPa9cKlcscSulStlF31YBFqj38h/dviRJRIUhHGvd8dzY+ClWhhFOJ7luommMyQgPaMdSgSOq/XR27QSdWKWPQqlsCYNm6vJEiiOtx1FgOyNshvq3NxX/8jqJCS/9lIk4MVSQ+aIw4chINH0d9ZmixPCxJZgoZm9FZIgVJsYGlFsO4X/SLBU9G9HteaFaW8SRhSM4hlPw4AKqcAN1aACBe3iEZ3hxpPPkvDpv89aMs5g5hB9w3r8A3LCOAA==</latexit><latexit sha1_base64="XitPi9tqSDRyzFh3rPykJmSV0GU=">AAAB7XicdVDLSgNBEOyNrxhfUY9eBoPgKexGE70IIV48RjAPSJYwO5lNxszOLDOzQljyD148KOLV//Hm3zh5CFG0oKGo6qa7K4g508Z1P53Myura+kZ2M7e1vbO7l98/aGqZKEIbRHKp2gHWlDNBG4YZTtuxojgKOG0Fo+up33qgSjMp7sw4pn6EB4KFjGBjpWYNXaEzt5cveEV3BuQWPa9cKlcscSulStlF31YBFqj38h/dviRJRIUhHGvd8dzY+ClWhhFOJ7luommMyQgPaMdSgSOq/XR27QSdWKWPQqlsCYNm6vJEiiOtx1FgOyNshvq3NxX/8jqJCS/9lIk4MVSQ+aIw4chINH0d9ZmixPCxJZgoZm9FZIgVJsYGlFsO4X/SLBU9G9HteaFaW8SRhSM4hlPw4AKqcAN1aACBe3iEZ3hxpPPkvDpv89aMs5g5hB9w3r8A3LCOAA==</latexit>

min = 1.47 ⇥ 10�5
<latexit sha1_base64="1baLWADDwV31QUhB6Uu1cvyEGGA=">AAACBHicdVDLSsNAFJ34rPUVddnNYCu4MSTBtG6EohuXFewD2lgm00k7dDIJMxOhhC7c+CtuXCji1o9w5984fQhV9MCFwzn3cu89QcKoVLb9aSwtr6yurec28ptb2zu75t5+Q8apwKSOYxaLVoAkYZSTuqKKkVYiCIoCRprB8HLiN++IkDTmN2qUED9CfU5DipHSUtcsRJTD0jl0rNMK7CgaEQkd+zY78calrll0LHsKaFuO47leWRO77JY9G35bRTBHrWt+dHoxTiPCFWZIyrZjJ8rPkFAUMzLOd1JJEoSHqE/amnKkt/nZ9IkxPNJKD4ax0MUVnKqLExmKpBxFge6MkBrI395E/Mtrpyo88zPKk1QRjmeLwpRBFcNJIrBHBcGKjTRBWFB9K8QDJBBWOrf8Ygj/k4ZrOTqia7dYvZjHkQMFcAiOgQMqoAquQA3UAQb34BE8gxfjwXgyXo23WeuSMZ85AD9gvH8BpEuViQ==</latexit><latexit sha1_base64="1baLWADDwV31QUhB6Uu1cvyEGGA=">AAACBHicdVDLSsNAFJ34rPUVddnNYCu4MSTBtG6EohuXFewD2lgm00k7dDIJMxOhhC7c+CtuXCji1o9w5984fQhV9MCFwzn3cu89QcKoVLb9aSwtr6yurec28ptb2zu75t5+Q8apwKSOYxaLVoAkYZSTuqKKkVYiCIoCRprB8HLiN++IkDTmN2qUED9CfU5DipHSUtcsRJTD0jl0rNMK7CgaEQkd+zY78calrll0LHsKaFuO47leWRO77JY9G35bRTBHrWt+dHoxTiPCFWZIyrZjJ8rPkFAUMzLOd1JJEoSHqE/amnKkt/nZ9IkxPNJKD4ax0MUVnKqLExmKpBxFge6MkBrI395E/Mtrpyo88zPKk1QRjmeLwpRBFcNJIrBHBcGKjTRBWFB9K8QDJBBWOrf8Ygj/k4ZrOTqia7dYvZjHkQMFcAiOgQMqoAquQA3UAQb34BE8gxfjwXgyXo23WeuSMZ85AD9gvH8BpEuViQ==</latexit><latexit sha1_base64="1baLWADDwV31QUhB6Uu1cvyEGGA=">AAACBHicdVDLSsNAFJ34rPUVddnNYCu4MSTBtG6EohuXFewD2lgm00k7dDIJMxOhhC7c+CtuXCji1o9w5984fQhV9MCFwzn3cu89QcKoVLb9aSwtr6yurec28ptb2zu75t5+Q8apwKSOYxaLVoAkYZSTuqKKkVYiCIoCRprB8HLiN++IkDTmN2qUED9CfU5DipHSUtcsRJTD0jl0rNMK7CgaEQkd+zY78calrll0LHsKaFuO47leWRO77JY9G35bRTBHrWt+dHoxTiPCFWZIyrZjJ8rPkFAUMzLOd1JJEoSHqE/amnKkt/nZ9IkxPNJKD4ax0MUVnKqLExmKpBxFge6MkBrI395E/Mtrpyo88zPKk1QRjmeLwpRBFcNJIrBHBcGKjTRBWFB9K8QDJBBWOrf8Ygj/k4ZrOTqia7dYvZjHkQMFcAiOgQMqoAquQA3UAQb34BE8gxfjwXgyXo23WeuSMZ85AD9gvH8BpEuViQ==</latexit><latexit sha1_base64="1baLWADDwV31QUhB6Uu1cvyEGGA=">AAACBHicdVDLSsNAFJ34rPUVddnNYCu4MSTBtG6EohuXFewD2lgm00k7dDIJMxOhhC7c+CtuXCji1o9w5984fQhV9MCFwzn3cu89QcKoVLb9aSwtr6yurec28ptb2zu75t5+Q8apwKSOYxaLVoAkYZSTuqKKkVYiCIoCRprB8HLiN++IkDTmN2qUED9CfU5DipHSUtcsRJTD0jl0rNMK7CgaEQkd+zY78calrll0LHsKaFuO47leWRO77JY9G35bRTBHrWt+dHoxTiPCFWZIyrZjJ8rPkFAUMzLOd1JJEoSHqE/amnKkt/nZ9IkxPNJKD4ax0MUVnKqLExmKpBxFge6MkBrI395E/Mtrpyo88zPKk1QRjmeLwpRBFcNJIrBHBcGKjTRBWFB9K8QDJBBWOrf8Ygj/k4ZrOTqia7dYvZjHkQMFcAiOgQMqoAquQA3UAQb34BE8gxfjwXgyXo23WeuSMZ85AD9gvH8BpEuViQ==</latexit>

min = 4.07 ⇥ 10�5
<latexit sha1_base64="AraxOpOEkiVHjn7a5962hazd8co=">AAACBHicdVDLSgMxFM3UV62vqstugq3gxiEztrZdCEU3LivYB7S1ZNK0Dc1khiQjlKELN/6KGxeKuPUj3Pk3pg9BRQ8JHM65l3vv8ULOlEbow0osLa+sriXXUxubW9s76d29ugoiSWiNBDyQTQ8rypmgNc00p81QUux7nDa80cXUb9xSqVggrvU4pB0fDwTrM4K1kbrpjM8EzJ3BvI2KsK2ZTxV00E18XJjkuuksslGh5BQLENn5E9c8Q8plJ3/qQsdGM2TBAtVu+r3dC0jkU6EJx0q1HBTqToylZoTTSaodKRpiMsID2jJUYDOtE8+OmMBDo/RgP5DmCw1n6veOGPtKjX3PVPpYD9Vvbyr+5bUi3S91YibCSFNB5oP6EYc6gNNEYI9JSjQfG4KJZGZXSIZYYqJNbikTwtel8H9Sd20H2c6Vm62cL+JIggw4AEfAAUVQAZegCmqAgDvwAJ7As3VvPVov1uu8NGEtevbBD1hvn9Xylas=</latexit><latexit sha1_base64="AraxOpOEkiVHjn7a5962hazd8co=">AAACBHicdVDLSgMxFM3UV62vqstugq3gxiEztrZdCEU3LivYB7S1ZNK0Dc1khiQjlKELN/6KGxeKuPUj3Pk3pg9BRQ8JHM65l3vv8ULOlEbow0osLa+sriXXUxubW9s76d29ugoiSWiNBDyQTQ8rypmgNc00p81QUux7nDa80cXUb9xSqVggrvU4pB0fDwTrM4K1kbrpjM8EzJ3BvI2KsK2ZTxV00E18XJjkuuksslGh5BQLENn5E9c8Q8plJ3/qQsdGM2TBAtVu+r3dC0jkU6EJx0q1HBTqToylZoTTSaodKRpiMsID2jJUYDOtE8+OmMBDo/RgP5DmCw1n6veOGPtKjX3PVPpYD9Vvbyr+5bUi3S91YibCSFNB5oP6EYc6gNNEYI9JSjQfG4KJZGZXSIZYYqJNbikTwtel8H9Sd20H2c6Vm62cL+JIggw4AEfAAUVQAZegCmqAgDvwAJ7As3VvPVov1uu8NGEtevbBD1hvn9Xylas=</latexit><latexit sha1_base64="AraxOpOEkiVHjn7a5962hazd8co=">AAACBHicdVDLSgMxFM3UV62vqstugq3gxiEztrZdCEU3LivYB7S1ZNK0Dc1khiQjlKELN/6KGxeKuPUj3Pk3pg9BRQ8JHM65l3vv8ULOlEbow0osLa+sriXXUxubW9s76d29ugoiSWiNBDyQTQ8rypmgNc00p81QUux7nDa80cXUb9xSqVggrvU4pB0fDwTrM4K1kbrpjM8EzJ3BvI2KsK2ZTxV00E18XJjkuuksslGh5BQLENn5E9c8Q8plJ3/qQsdGM2TBAtVu+r3dC0jkU6EJx0q1HBTqToylZoTTSaodKRpiMsID2jJUYDOtE8+OmMBDo/RgP5DmCw1n6veOGPtKjX3PVPpYD9Vvbyr+5bUi3S91YibCSFNB5oP6EYc6gNNEYI9JSjQfG4KJZGZXSIZYYqJNbikTwtel8H9Sd20H2c6Vm62cL+JIggw4AEfAAUVQAZegCmqAgDvwAJ7As3VvPVov1uu8NGEtevbBD1hvn9Xylas=</latexit><latexit sha1_base64="AraxOpOEkiVHjn7a5962hazd8co=">AAACBHicdVDLSgMxFM3UV62vqstugq3gxiEztrZdCEU3LivYB7S1ZNK0Dc1khiQjlKELN/6KGxeKuPUj3Pk3pg9BRQ8JHM65l3vv8ULOlEbow0osLa+sriXXUxubW9s76d29ugoiSWiNBDyQTQ8rypmgNc00p81QUux7nDa80cXUb9xSqVggrvU4pB0fDwTrM4K1kbrpjM8EzJ3BvI2KsK2ZTxV00E18XJjkuuksslGh5BQLENn5E9c8Q8plJ3/qQsdGM2TBAtVu+r3dC0jkU6EJx0q1HBTqToylZoTTSaodKRpiMsID2jJUYDOtE8+OmMBDo/RgP5DmCw1n6veOGPtKjX3PVPpYD9Vvbyr+5bUi3S91YibCSFNB5oP6EYc6gNNEYI9JSjQfG4KJZGZXSIZYYqJNbikTwtel8H9Sd20H2c6Vm62cL+JIggw4AEfAAUVQAZegCmqAgDvwAJ7As3VvPVov1uu8NGEtevbBD1hvn9Xylas=</latexit>

min = 1.78 ⇥ 10�4
<latexit sha1_base64="asmQ2mViBHgGHHqnGx0kPdDGGLY=">AAACBHicdVDLSgMxFM3UV62vUZfdBFvBjUOmtrZdCEU3LivYB7S1ZNK0Dc1khiQjlKELN/6KGxeKuPUj3Pk3pg9BRQ8EDufcw809XsiZ0gh9WIml5ZXVteR6amNza3vH3t2rqyCShNZIwAPZ9LCinAla00xz2gwlxb7HacMbXUz9xi2VigXiWo9D2vHxQLA+I1gbqWunfSZg9gy6TrEE25r5VEEX3cTH+Um2a2eQc1ounOTyEDloBkOKCJXdgknMlQxYoNq139u9gEQ+FZpwrFTLRaHuxFhqRjidpNqRoiEmIzygLUMFNts68eyICTw0Sg/2A2me0HCmfk/E2Fdq7Htm0sd6qH57U/EvrxXpfqkTMxFGmgoyX9SPONQBnDYCe0xSovnYEEwkM3+FZIglJtr0ljIlfF0K/yf1nOMix73KZSrnizqSIA0OwBFwQRFUwCWoghog4A48gCfwbN1bj9aL9TofTViLzD74AevtE7oBlZc=</latexit><latexit sha1_base64="asmQ2mViBHgGHHqnGx0kPdDGGLY=">AAACBHicdVDLSgMxFM3UV62vUZfdBFvBjUOmtrZdCEU3LivYB7S1ZNK0Dc1khiQjlKELN/6KGxeKuPUj3Pk3pg9BRQ8EDufcw809XsiZ0gh9WIml5ZXVteR6amNza3vH3t2rqyCShNZIwAPZ9LCinAla00xz2gwlxb7HacMbXUz9xi2VigXiWo9D2vHxQLA+I1gbqWunfSZg9gy6TrEE25r5VEEX3cTH+Um2a2eQc1ounOTyEDloBkOKCJXdgknMlQxYoNq139u9gEQ+FZpwrFTLRaHuxFhqRjidpNqRoiEmIzygLUMFNts68eyICTw0Sg/2A2me0HCmfk/E2Fdq7Htm0sd6qH57U/EvrxXpfqkTMxFGmgoyX9SPONQBnDYCe0xSovnYEEwkM3+FZIglJtr0ljIlfF0K/yf1nOMix73KZSrnizqSIA0OwBFwQRFUwCWoghog4A48gCfwbN1bj9aL9TofTViLzD74AevtE7oBlZc=</latexit><latexit sha1_base64="asmQ2mViBHgGHHqnGx0kPdDGGLY=">AAACBHicdVDLSgMxFM3UV62vUZfdBFvBjUOmtrZdCEU3LivYB7S1ZNK0Dc1khiQjlKELN/6KGxeKuPUj3Pk3pg9BRQ8EDufcw809XsiZ0gh9WIml5ZXVteR6amNza3vH3t2rqyCShNZIwAPZ9LCinAla00xz2gwlxb7HacMbXUz9xi2VigXiWo9D2vHxQLA+I1gbqWunfSZg9gy6TrEE25r5VEEX3cTH+Um2a2eQc1ounOTyEDloBkOKCJXdgknMlQxYoNq139u9gEQ+FZpwrFTLRaHuxFhqRjidpNqRoiEmIzygLUMFNts68eyICTw0Sg/2A2me0HCmfk/E2Fdq7Htm0sd6qH57U/EvrxXpfqkTMxFGmgoyX9SPONQBnDYCe0xSovnYEEwkM3+FZIglJtr0ljIlfF0K/yf1nOMix73KZSrnizqSIA0OwBFwQRFUwCWoghog4A48gCfwbN1bj9aL9TofTViLzD74AevtE7oBlZc=</latexit><latexit sha1_base64="asmQ2mViBHgGHHqnGx0kPdDGGLY=">AAACBHicdVDLSgMxFM3UV62vUZfdBFvBjUOmtrZdCEU3LivYB7S1ZNK0Dc1khiQjlKELN/6KGxeKuPUj3Pk3pg9BRQ8EDufcw809XsiZ0gh9WIml5ZXVteR6amNza3vH3t2rqyCShNZIwAPZ9LCinAla00xz2gwlxb7HacMbXUz9xi2VigXiWo9D2vHxQLA+I1gbqWunfSZg9gy6TrEE25r5VEEX3cTH+Um2a2eQc1ounOTyEDloBkOKCJXdgknMlQxYoNq139u9gEQ+FZpwrFTLRaHuxFhqRjidpNqRoiEmIzygLUMFNts68eyICTw0Sg/2A2me0HCmfk/E2Fdq7Htm0sd6qH57U/EvrxXpfqkTMxFGmgoyX9SPONQBnDYCe0xSovnYEEwkM3+FZIglJtr0ljIlfF0K/yf1nOMix73KZSrnizqSIA0OwBFwQRFUwCWoghog4A48gCfwbN1bj9aL9TofTViLzD74AevtE7oBlZc=</latexit>

accelerated
<latexit sha1_base64="g+cASlGtVEDhCSPybip4rYvlBaw=">AAAB/XicbVDLSsNAFJ3UV62v+ti5GSyCq5KIoMuiG5cV7APaUCaTm3bo5MHMjVBD8VfcuFDErf/hzr9xmmahrQcGDufcyz1zvEQKjbb9bZVWVtfWN8qbla3tnd296v5BW8ep4tDisYxV12MapIighQIldBMFLPQkdLzxzczvPIDSIo7ucZKAG7JhJALBGRppUD3qhwxHOsgY5yBBMQR/OqjW7Lqdgy4TpyA1UqA5qH71/ZinIUTIJdO659gJuhlTKLiEaaWfakgYH7Mh9AyNWAjazfL0U3pqFJ8GsTIvQpqrvzcyFmo9CT0zmWdd9Gbif14vxeDKzUSUpAgRnx8KUkkxprMqqC8UcJQTQxhXwmSlfMQU42gKq5gSnMUvL5P2ed2x687dRa1xXdRRJsfkhJwRh1ySBrklTdIinDySZ/JK3qwn68V6tz7moyWr2Dkkf2B9/gA8tJW3</latexit><latexit sha1_base64="g+cASlGtVEDhCSPybip4rYvlBaw=">AAAB/XicbVDLSsNAFJ3UV62v+ti5GSyCq5KIoMuiG5cV7APaUCaTm3bo5MHMjVBD8VfcuFDErf/hzr9xmmahrQcGDufcyz1zvEQKjbb9bZVWVtfWN8qbla3tnd296v5BW8ep4tDisYxV12MapIighQIldBMFLPQkdLzxzczvPIDSIo7ucZKAG7JhJALBGRppUD3qhwxHOsgY5yBBMQR/OqjW7Lqdgy4TpyA1UqA5qH71/ZinIUTIJdO659gJuhlTKLiEaaWfakgYH7Mh9AyNWAjazfL0U3pqFJ8GsTIvQpqrvzcyFmo9CT0zmWdd9Gbif14vxeDKzUSUpAgRnx8KUkkxprMqqC8UcJQTQxhXwmSlfMQU42gKq5gSnMUvL5P2ed2x687dRa1xXdRRJsfkhJwRh1ySBrklTdIinDySZ/JK3qwn68V6tz7moyWr2Dkkf2B9/gA8tJW3</latexit><latexit sha1_base64="g+cASlGtVEDhCSPybip4rYvlBaw=">AAAB/XicbVDLSsNAFJ3UV62v+ti5GSyCq5KIoMuiG5cV7APaUCaTm3bo5MHMjVBD8VfcuFDErf/hzr9xmmahrQcGDufcyz1zvEQKjbb9bZVWVtfWN8qbla3tnd296v5BW8ep4tDisYxV12MapIighQIldBMFLPQkdLzxzczvPIDSIo7ucZKAG7JhJALBGRppUD3qhwxHOsgY5yBBMQR/OqjW7Lqdgy4TpyA1UqA5qH71/ZinIUTIJdO659gJuhlTKLiEaaWfakgYH7Mh9AyNWAjazfL0U3pqFJ8GsTIvQpqrvzcyFmo9CT0zmWdd9Gbif14vxeDKzUSUpAgRnx8KUkkxprMqqC8UcJQTQxhXwmSlfMQU42gKq5gSnMUvL5P2ed2x687dRa1xXdRRJsfkhJwRh1ySBrklTdIinDySZ/JK3qwn68V6tz7moyWr2Dkkf2B9/gA8tJW3</latexit><latexit sha1_base64="g+cASlGtVEDhCSPybip4rYvlBaw=">AAAB/XicbVDLSsNAFJ3UV62v+ti5GSyCq5KIoMuiG5cV7APaUCaTm3bo5MHMjVBD8VfcuFDErf/hzr9xmmahrQcGDufcyz1zvEQKjbb9bZVWVtfWN8qbla3tnd296v5BW8ep4tDisYxV12MapIighQIldBMFLPQkdLzxzczvPIDSIo7ucZKAG7JhJALBGRppUD3qhwxHOsgY5yBBMQR/OqjW7Lqdgy4TpyA1UqA5qH71/ZinIUTIJdO659gJuhlTKLiEaaWfakgYH7Mh9AyNWAjazfL0U3pqFJ8GsTIvQpqrvzcyFmo9CT0zmWdd9Gbif14vxeDKzUSUpAgRnx8KUkkxprMqqC8UcJQTQxhXwmSlfMQU42gKq5gSnMUvL5P2ed2x687dRa1xXdRRJsfkhJwRh1ySBrklTdIinDySZ/JK3qwn68V6tz7moyWr2Dkkf2B9/gA8tJW3</latexit>

basic<latexit sha1_base64="u0eFoCcBEWKLFJkf2d6QIHYUdIY=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkyaaUMzmSG5o5Sh/+HGhSJu/Rd3/o3pdBbaeiBwOOfe5OQEiRQGXffbWVldW9/YLG2Vt3d29/YrB4ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4Zua3H7k2Ilb3OEm4H9GhEqFgFK300IsojkyY2SsEm/YrVbfm5iDLxCtIFQo0+pWv3iBmacQVMkmN6Xpugn5GNQom+bTcSw1PKBvTIe9aqmjEjZ/lqafk1CoDEsbaHoUkV39vZDQyZhIFdjJPuejNxP+8borhlZ8JlaTIFZs/FKaSYExmFZCB0JyhnFhCmRY2K2EjqilDW1TZluAtfnmZtM5rnlvz7i6q9euijhIcwwmcgQeXUIdbaEATGGh4hld4c56cF+fd+ZiPrjjFzhH8gfP5AxN1kt8=</latexit><latexit sha1_base64="u0eFoCcBEWKLFJkf2d6QIHYUdIY=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkyaaUMzmSG5o5Sh/+HGhSJu/Rd3/o3pdBbaeiBwOOfe5OQEiRQGXffbWVldW9/YLG2Vt3d29/YrB4ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4Zua3H7k2Ilb3OEm4H9GhEqFgFK300IsojkyY2SsEm/YrVbfm5iDLxCtIFQo0+pWv3iBmacQVMkmN6Xpugn5GNQom+bTcSw1PKBvTIe9aqmjEjZ/lqafk1CoDEsbaHoUkV39vZDQyZhIFdjJPuejNxP+8borhlZ8JlaTIFZs/FKaSYExmFZCB0JyhnFhCmRY2K2EjqilDW1TZluAtfnmZtM5rnlvz7i6q9euijhIcwwmcgQeXUIdbaEATGGh4hld4c56cF+fd+ZiPrjjFzhH8gfP5AxN1kt8=</latexit><latexit sha1_base64="u0eFoCcBEWKLFJkf2d6QIHYUdIY=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkyaaUMzmSG5o5Sh/+HGhSJu/Rd3/o3pdBbaeiBwOOfe5OQEiRQGXffbWVldW9/YLG2Vt3d29/YrB4ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4Zua3H7k2Ilb3OEm4H9GhEqFgFK300IsojkyY2SsEm/YrVbfm5iDLxCtIFQo0+pWv3iBmacQVMkmN6Xpugn5GNQom+bTcSw1PKBvTIe9aqmjEjZ/lqafk1CoDEsbaHoUkV39vZDQyZhIFdjJPuejNxP+8borhlZ8JlaTIFZs/FKaSYExmFZCB0JyhnFhCmRY2K2EjqilDW1TZluAtfnmZtM5rnlvz7i6q9euijhIcwwmcgQeXUIdbaEATGGh4hld4c56cF+fd+ZiPrjjFzhH8gfP5AxN1kt8=</latexit><latexit sha1_base64="u0eFoCcBEWKLFJkf2d6QIHYUdIY=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl047KCfUA7lkyaaUMzmSG5o5Sh/+HGhSJu/Rd3/o3pdBbaeiBwOOfe5OQEiRQGXffbWVldW9/YLG2Vt3d29/YrB4ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4Zua3H7k2Ilb3OEm4H9GhEqFgFK300IsojkyY2SsEm/YrVbfm5iDLxCtIFQo0+pWv3iBmacQVMkmN6Xpugn5GNQom+bTcSw1PKBvTIe9aqmjEjZ/lqafk1CoDEsbaHoUkV39vZDQyZhIFdjJPuejNxP+8borhlZ8JlaTIFZs/FKaSYExmFZCB0JyhnFhCmRY2K2EjqilDW1TZluAtfnmZtM5rnlvz7i6q9euijhIcwwmcgQeXUIdbaEATGGh4hld4c56cF+fd+ZiPrjjFzhH8gfP5AxN1kt8=</latexit>

Fig. 3. Illustration of the influence of the minibatch size B on the convergence of PnP-SGD under BM3D. The distance to a fixed point is plotted against
the iteration number for 3 distinct minibatch sizes for both accelerated (dashed) and basic (solid) variants of PnP-SGD for � = 1/L. The dotted line at the
bottom shows the minimal distance to a fixed point attained by the algorithm. This plot illustrates that the empirical performance of PnP-SGD using BM3D
is consistent with Proposition 5, where the accuracy improves with larger B.

TABLE I
MINIMAL DISTANCE AVERAGED OVER THE TEST IMAGE SET

Denoiser Step size (�) Mini-batch size (B)

1/L 1/4L 1/16L 10 20 30

TV 1.96e-5 1.47e-6 7.83e-8 3.18e-4 6.71e-5 1.96e-5
BM3D 1.47e-5 6.26e-6 3.22e-6 1.78e-4 4.07e-5 1.47e-5
TNRD 4.20e-2 9.18e-3 1.44e-3 3.12e-1 1.14e-1 4.20e-2

meters, and for each illumination, the corresponding scattered
field is measured by M = 360 receivers around the object.
The simulated measurements were additionally corrupted by
an additive white Gaussian noise (AWGN) corresponding to
40 dB of input signal-to-noise ratio (SNR). SNR is also
used as a quantitative metric for numerically evaluating the
reconstruction quality in the experiments. We use the term
average SNR to indicate the SNR averaged over all the test
images. In each experiment, all algorithmic hyperparameters
were optimized for the best SNR performance with respect to
the ground truth test image.

B. Convergence of PnP-SGD

One of the key conclusions of Proposition 5 is that the final
accuracy of PnP-SGD to a fixed point is proportional to the
step size and inversely proportional to the minibatch size. In
order to numerically evaluate the convergence, we define the
distance to fix(P) at the kth iteration as

dist(xk) , kx
k � P(xk)k2

2 , (17)
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B = 20
<latexit sha1_base64="qBr32+Ce68I9r5cPG2TA/emWEdA=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GpLpQLsRSt24rGBroR1KJs20sZnMkGSEMvQf3LhQxK3/486/MX0IKnrgwuGce7n3njAVXBuEPpzC2vrG5lZxu7Szu7d/UD486ugkU5S1aSIS1Q2JZoJL1jbcCNZNFSNxKNhtOLmc+7f3TGmeyBszTVkQk5HkEafEWKnThBfQQ4NyBbnIr3uoBpFbxfWq51lSQ76PMcQuWqACVmgNyu/9YUKzmElDBdG6h1Fqgpwow6lgs1I/0ywldEJGrGepJDHTQb64dgbPrDKEUaJsSQMX6veJnMRaT+PQdsbEjPVvby7+5fUyE9WDnMs0M0zS5aIoE9AkcP46HHLFqBFTSwhV3N4K6ZgoQo0NqGRD+PoU/k86nouRi6/9SqO5iqMITsApOAcY1EADXIEWaAMK7sADeALPTuI8Oi/O67K14KxmjsEPOG+f9KGOEA==</latexit><latexit sha1_base64="qBr32+Ce68I9r5cPG2TA/emWEdA=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GpLpQLsRSt24rGBroR1KJs20sZnMkGSEMvQf3LhQxK3/486/MX0IKnrgwuGce7n3njAVXBuEPpzC2vrG5lZxu7Szu7d/UD486ugkU5S1aSIS1Q2JZoJL1jbcCNZNFSNxKNhtOLmc+7f3TGmeyBszTVkQk5HkEafEWKnThBfQQ4NyBbnIr3uoBpFbxfWq51lSQ76PMcQuWqACVmgNyu/9YUKzmElDBdG6h1Fqgpwow6lgs1I/0ywldEJGrGepJDHTQb64dgbPrDKEUaJsSQMX6veJnMRaT+PQdsbEjPVvby7+5fUyE9WDnMs0M0zS5aIoE9AkcP46HHLFqBFTSwhV3N4K6ZgoQo0NqGRD+PoU/k86nouRi6/9SqO5iqMITsApOAcY1EADXIEWaAMK7sADeALPTuI8Oi/O67K14KxmjsEPOG+f9KGOEA==</latexit><latexit sha1_base64="qBr32+Ce68I9r5cPG2TA/emWEdA=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GpLpQLsRSt24rGBroR1KJs20sZnMkGSEMvQf3LhQxK3/486/MX0IKnrgwuGce7n3njAVXBuEPpzC2vrG5lZxu7Szu7d/UD486ugkU5S1aSIS1Q2JZoJL1jbcCNZNFSNxKNhtOLmc+7f3TGmeyBszTVkQk5HkEafEWKnThBfQQ4NyBbnIr3uoBpFbxfWq51lSQ76PMcQuWqACVmgNyu/9YUKzmElDBdG6h1Fqgpwow6lgs1I/0ywldEJGrGepJDHTQb64dgbPrDKEUaJsSQMX6veJnMRaT+PQdsbEjPVvby7+5fUyE9WDnMs0M0zS5aIoE9AkcP46HHLFqBFTSwhV3N4K6ZgoQo0NqGRD+PoU/k86nouRi6/9SqO5iqMITsApOAcY1EADXIEWaAMK7sADeALPTuI8Oi/O67K14KxmjsEPOG+f9KGOEA==</latexit><latexit sha1_base64="qBr32+Ce68I9r5cPG2TA/emWEdA=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GpLpQLsRSt24rGBroR1KJs20sZnMkGSEMvQf3LhQxK3/486/MX0IKnrgwuGce7n3njAVXBuEPpzC2vrG5lZxu7Szu7d/UD486ugkU5S1aSIS1Q2JZoJL1jbcCNZNFSNxKNhtOLmc+7f3TGmeyBszTVkQk5HkEafEWKnThBfQQ4NyBbnIr3uoBpFbxfWq51lSQ76PMcQuWqACVmgNyu/9YUKzmElDBdG6h1Fqgpwow6lgs1I/0ywldEJGrGepJDHTQb64dgbPrDKEUaJsSQMX6veJnMRaT+PQdsbEjPVvby7+5fUyE9WDnMs0M0zS5aIoE9AkcP46HHLFqBFTSwhV3N4K6ZgoQo0NqGRD+PoU/k86nouRi6/9SqO5iqMITsApOAcY1EADXIEWaAMK7sADeALPTuI8Oi/O67K14KxmjsEPOG+f9KGOEA==</latexit>

B = 30
<latexit sha1_base64="TykG6ilLht3uVwe3jkLK8umsva0=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YPaxdCqRuXFewD2qFk0kwbm0mGJCOU0n9w40IRt/6PO//GtB1BRQ9cOJxzL/feE8ScaYPQh7Oyura+sZnZym7v7O7t5w4OW1omitAmkVyqToA15UzQpmGG006sKI4CTtvB+Grut++p0kyKWzOJqR/hoWAhI9hYqVWHl7CI+rk8cs+r5WKhBJGLFrCkglDVK0MvVfIgRaOfe+8NJEkiKgzhWOuuh2LjT7EyjHA6y/YSTWNMxnhIu5YKHFHtTxfXzuCpVQYwlMqWMHChfp+Y4kjrSRTYzgibkf7tzcW/vG5iwgt/ykScGCrIclGYcGgknL8OB0xRYvjEEkwUs7dCMsIKE2MDytoQvj6F/5NWwfWQ692U8rV6GkcGHIMTcAY8UAE1cA0aoAkIuAMP4Ak8O9J5dF6c12XripPOHIEfcN4+Ae2Zjgs=</latexit><latexit sha1_base64="TykG6ilLht3uVwe3jkLK8umsva0=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YPaxdCqRuXFewD2qFk0kwbm0mGJCOU0n9w40IRt/6PO//GtB1BRQ9cOJxzL/feE8ScaYPQh7Oyura+sZnZym7v7O7t5w4OW1omitAmkVyqToA15UzQpmGG006sKI4CTtvB+Grut++p0kyKWzOJqR/hoWAhI9hYqVWHl7CI+rk8cs+r5WKhBJGLFrCkglDVK0MvVfIgRaOfe+8NJEkiKgzhWOuuh2LjT7EyjHA6y/YSTWNMxnhIu5YKHFHtTxfXzuCpVQYwlMqWMHChfp+Y4kjrSRTYzgibkf7tzcW/vG5iwgt/ykScGCrIclGYcGgknL8OB0xRYvjEEkwUs7dCMsIKE2MDytoQvj6F/5NWwfWQ692U8rV6GkcGHIMTcAY8UAE1cA0aoAkIuAMP4Ak8O9J5dF6c12XripPOHIEfcN4+Ae2Zjgs=</latexit><latexit sha1_base64="TykG6ilLht3uVwe3jkLK8umsva0=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YPaxdCqRuXFewD2qFk0kwbm0mGJCOU0n9w40IRt/6PO//GtB1BRQ9cOJxzL/feE8ScaYPQh7Oyura+sZnZym7v7O7t5w4OW1omitAmkVyqToA15UzQpmGG006sKI4CTtvB+Grut++p0kyKWzOJqR/hoWAhI9hYqVWHl7CI+rk8cs+r5WKhBJGLFrCkglDVK0MvVfIgRaOfe+8NJEkiKgzhWOuuh2LjT7EyjHA6y/YSTWNMxnhIu5YKHFHtTxfXzuCpVQYwlMqWMHChfp+Y4kjrSRTYzgibkf7tzcW/vG5iwgt/ykScGCrIclGYcGgknL8OB0xRYvjEEkwUs7dCMsIKE2MDytoQvj6F/5NWwfWQ692U8rV6GkcGHIMTcAY8UAE1cA0aoAkIuAMP4Ak8O9J5dF6c12XripPOHIEfcN4+Ae2Zjgs=</latexit><latexit sha1_base64="TykG6ilLht3uVwe3jkLK8umsva0=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YPaxdCqRuXFewD2qFk0kwbm0mGJCOU0n9w40IRt/6PO//GtB1BRQ9cOJxzL/feE8ScaYPQh7Oyura+sZnZym7v7O7t5w4OW1omitAmkVyqToA15UzQpmGG006sKI4CTtvB+Grut++p0kyKWzOJqR/hoWAhI9hYqVWHl7CI+rk8cs+r5WKhBJGLFrCkglDVK0MvVfIgRaOfe+8NJEkiKgzhWOuuh2LjT7EyjHA6y/YSTWNMxnhIu5YKHFHtTxfXzuCpVQYwlMqWMHChfp+Y4kjrSRTYzgibkf7tzcW/vG5iwgt/ykScGCrIclGYcGgknL8OB0xRYvjEEkwUs7dCMsIKE2MDytoQvj6F/5NWwfWQ692U8rV6GkcGHIMTcAY8UAE1cA0aoAkIuAMP4Ak8O9J5dF6c12XripPOHIEfcN4+Ae2Zjgs=</latexit>
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<latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="i21blzHBwl/OPIo/vlvVfBB8eO0=">AAAB6HicbZBLSwMxFIXv1FetVevaTbAIrsqMG10KblxWsA9oh5LJZNrQPIbkjlKG/gG3rt2J/8ml/8T0sbDWA4HDOQn35ktyKRyG4VdQ2dnd2z+oHtaO6rXjk9NGvetMYRnvMCON7SfUcSk076BAyfu55VQlkveS6f2i7z1z64TRTzjLeazoWItMMIo+ao8azbAVLkW2TbQ2TVhr1PgepoYVimtkkjo3iMIc45JaFEzyeW1YOJ5TNqVjPvBWU8VdXC7XnJNLn6QkM9YfjWSZ/n5RUuXcTCX+pqI4cX+7RfhfNygwu41LofMCuWarQVkhCRqy+DNJheUM5cwbyqzwuxI2oZYy9GQ2piRq7pFEfwFsm+51Kwpb0WMIVTiHC7iCCG7gDh6gDR1gkMIrvAUvwXvwsUJXCdYMz2BDwecPfSOQvw==</latexit><latexit sha1_base64="3W5C8C5udT27UIEaeJc4IdeGniA=">AAACGnicbZDLSgMxGIX/qbdaq45u3QSLUBctM93oUnDjsoK9QKeWTJppQ5OZIcmIZTpP4UP4DG517U4El76J6QW0rQcCh3MS/j+fH3OmtON8WbmNza3tnfxuYa+4f3BoHxWbKkokoQ0S8Ui2fawoZyFtaKY5bceSYuFz2vJH19O+9UClYlF4p8cx7Qo8CFnACNYm6tkVb4I8X6SP2X06ylAFeQLroQrSelb+zc+RN7mv9Wo9u+RUnZnQunEXpgQL1Xv2t9ePSCJoqAnHSnVcJ9bdFEvNCKdZwUsUjTEZ4QHtGBtiQVU3nX0rQ2cm6aMgkuaEGs3Svy9SLJQaC9/cnC292k3D/7pOooPLbsrCONE0JPNBQcKRjtCUEeozSYnmY2MwkczsisgQS0y0Ibk0xReZYeKuElg3zVrVdarurQN5OIFTKIMLF3AFN1CHBhB4ghd4hTfr2Xq3Pub0ctYC4zEsyfr8AUtdpCE=</latexit><latexit sha1_base64="3W5C8C5udT27UIEaeJc4IdeGniA=">AAACGnicbZDLSgMxGIX/qbdaq45u3QSLUBctM93oUnDjsoK9QKeWTJppQ5OZIcmIZTpP4UP4DG517U4El76J6QW0rQcCh3MS/j+fH3OmtON8WbmNza3tnfxuYa+4f3BoHxWbKkokoQ0S8Ui2fawoZyFtaKY5bceSYuFz2vJH19O+9UClYlF4p8cx7Qo8CFnACNYm6tkVb4I8X6SP2X06ylAFeQLroQrSelb+zc+RN7mv9Wo9u+RUnZnQunEXpgQL1Xv2t9ePSCJoqAnHSnVcJ9bdFEvNCKdZwUsUjTEZ4QHtGBtiQVU3nX0rQ2cm6aMgkuaEGs3Svy9SLJQaC9/cnC292k3D/7pOooPLbsrCONE0JPNBQcKRjtCUEeozSYnmY2MwkczsisgQS0y0Ibk0xReZYeKuElg3zVrVdarurQN5OIFTKIMLF3AFN1CHBhB4ghd4hTfr2Xq3Pub0ctYC4zEsyfr8AUtdpCE=</latexit><latexit sha1_base64="IFCS+Urw4EPfssCr6b7jDMpHf90=">AAACJXicbVDLSsNAFJ3UV62vqEs3g0Woi5akG10W3bisYB/QtGEynbRDZ5IwMxFLmq/wI/wGt7p2J4Ir8U+ctgFt64ELh3Pu5d57vIhRqSzr08itrW9sbuW3Czu7e/sH5uFRU4axwKSBQxaKtockYTQgDUUVI+1IEMQ9Rlre6Hrqt+6JkDQM7tQ4Il2OBgH1KUZKS65ZdibQ8XjykPaSUQrL0OFIDaWf1NPSr34OnUmv6lZds2hVrBngKrEzUgQZ6q757fRDHHMSKMyQlB3bilQ3QUJRzEhacGJJIoRHaEA6mgaIE9lNZm+l8EwrfeiHQleg4Ez9O5EgLuWYe7pzdvSyNxX/8zqx8i+7CQ2iWJEAzxf5MYMqhNOMYJ8KghUba4KwoPpWiIdIIKx0kgtbPJ7qTOzlBFZJs1qxrYp9axVrV1k6eXACTkEJ2OAC1MANqIMGwOARPIMX8Go8GW/Gu/Exb80Z2cwxWIDx9QNlv6Wt</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit>
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<latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="i21blzHBwl/OPIo/vlvVfBB8eO0=">AAAB6HicbZBLSwMxFIXv1FetVevaTbAIrsqMG10KblxWsA9oh5LJZNrQPIbkjlKG/gG3rt2J/8ml/8T0sbDWA4HDOQn35ktyKRyG4VdQ2dnd2z+oHtaO6rXjk9NGvetMYRnvMCON7SfUcSk076BAyfu55VQlkveS6f2i7z1z64TRTzjLeazoWItMMIo+ao8azbAVLkW2TbQ2TVhr1PgepoYVimtkkjo3iMIc45JaFEzyeW1YOJ5TNqVjPvBWU8VdXC7XnJNLn6QkM9YfjWSZ/n5RUuXcTCX+pqI4cX+7RfhfNygwu41LofMCuWarQVkhCRqy+DNJheUM5cwbyqzwuxI2oZYy9GQ2piRq7pFEfwFsm+51Kwpb0WMIVTiHC7iCCG7gDh6gDR1gkMIrvAUvwXvwsUJXCdYMz2BDwecPfSOQvw==</latexit><latexit sha1_base64="3W5C8C5udT27UIEaeJc4IdeGniA=">AAACGnicbZDLSgMxGIX/qbdaq45u3QSLUBctM93oUnDjsoK9QKeWTJppQ5OZIcmIZTpP4UP4DG517U4El76J6QW0rQcCh3MS/j+fH3OmtON8WbmNza3tnfxuYa+4f3BoHxWbKkokoQ0S8Ui2fawoZyFtaKY5bceSYuFz2vJH19O+9UClYlF4p8cx7Qo8CFnACNYm6tkVb4I8X6SP2X06ylAFeQLroQrSelb+zc+RN7mv9Wo9u+RUnZnQunEXpgQL1Xv2t9ePSCJoqAnHSnVcJ9bdFEvNCKdZwUsUjTEZ4QHtGBtiQVU3nX0rQ2cm6aMgkuaEGs3Svy9SLJQaC9/cnC292k3D/7pOooPLbsrCONE0JPNBQcKRjtCUEeozSYnmY2MwkczsisgQS0y0Ibk0xReZYeKuElg3zVrVdarurQN5OIFTKIMLF3AFN1CHBhB4ghd4hTfr2Xq3Pub0ctYC4zEsyfr8AUtdpCE=</latexit><latexit sha1_base64="3W5C8C5udT27UIEaeJc4IdeGniA=">AAACGnicbZDLSgMxGIX/qbdaq45u3QSLUBctM93oUnDjsoK9QKeWTJppQ5OZIcmIZTpP4UP4DG517U4El76J6QW0rQcCh3MS/j+fH3OmtON8WbmNza3tnfxuYa+4f3BoHxWbKkokoQ0S8Ui2fawoZyFtaKY5bceSYuFz2vJH19O+9UClYlF4p8cx7Qo8CFnACNYm6tkVb4I8X6SP2X06ylAFeQLroQrSelb+zc+RN7mv9Wo9u+RUnZnQunEXpgQL1Xv2t9ePSCJoqAnHSnVcJ9bdFEvNCKdZwUsUjTEZ4QHtGBtiQVU3nX0rQ2cm6aMgkuaEGs3Svy9SLJQaC9/cnC292k3D/7pOooPLbsrCONE0JPNBQcKRjtCUEeozSYnmY2MwkczsisgQS0y0Ibk0xReZYeKuElg3zVrVdarurQN5OIFTKIMLF3AFN1CHBhB4ghd4hTfr2Xq3Pub0ctYC4zEsyfr8AUtdpCE=</latexit><latexit sha1_base64="IFCS+Urw4EPfssCr6b7jDMpHf90=">AAACJXicbVDLSsNAFJ3UV62vqEs3g0Woi5akG10W3bisYB/QtGEynbRDZ5IwMxFLmq/wI/wGt7p2J4Ir8U+ctgFt64ELh3Pu5d57vIhRqSzr08itrW9sbuW3Czu7e/sH5uFRU4axwKSBQxaKtockYTQgDUUVI+1IEMQ9Rlre6Hrqt+6JkDQM7tQ4Il2OBgH1KUZKS65ZdibQ8XjykPaSUQrL0OFIDaWf1NPSr34OnUmv6lZds2hVrBngKrEzUgQZ6q757fRDHHMSKMyQlB3bilQ3QUJRzEhacGJJIoRHaEA6mgaIE9lNZm+l8EwrfeiHQleg4Ez9O5EgLuWYe7pzdvSyNxX/8zqx8i+7CQ2iWJEAzxf5MYMqhNOMYJ8KghUba4KwoPpWiIdIIKx0kgtbPJ7qTOzlBFZJs1qxrYp9axVrV1k6eXACTkEJ2OAC1MANqIMGwOARPIMX8Go8GW/Gu/Exb80Z2cwxWIDx9QNlv6Wt</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit><latexit sha1_base64="AcfKjFi3HLJ2Pek2NF4z71Sa0Sk=">AAACJXicbVDLSsNAFJ34rPUVdelmsAh10ZIUQZdFNy4r2Ac0aZhMJ+3QmSTMTMSS5iv8CL/Bra7dieBK/BOnD9C2HrhwOOde7r3HjxmVyrI+jZXVtfWNzdxWfntnd2/fPDhsyCgRmNRxxCLR8pEkjIakrqhipBULgrjPSNMfXI/95j0RkkbhnRrGxOWoF9KAYqS05JklZwQdn6cPWScdZLAEHY5UXwZpLSv+6mfQGXUqXsUzC1bZmgAuE3tGCmCGmmd+O90IJ5yECjMkZdu2YuWmSCiKGcnyTiJJjPAA9Uhb0xBxIt108lYGT7XShUEkdIUKTtS/EyniUg65rzsnRy96Y/E/r52o4NJNaRgnioR4uihIGFQRHGcEu1QQrNhQE4QF1bdC3EcCYaWTnNvi80xnYi8msEwalbJtle3b80L1apZODhyDE1AENrgAVXADaqAOMHgEz+AFvBpPxpvxbnxMW1eM2cwRmIPx9QNm/6Wx</latexit>

k
<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit>

min = 7.84 ⇥ 10�8
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Fig. 4. Illustration of the influence of the step and minibatch sizes on
the convergence of the PnP-SGD under TV. The dotted line at the bottom
shows the minimal distance to a fixed point attained by the algorithm. A
proximal operator is 1/2-averaged, which means that it perfectly satisfies the
assumptions of Proposition 5.

where P is given by (10). As the sequence {x
k} approaches

fix(P), dist(xk) approaches zero.
Fig. 2 and Fig. 3 empirically evaluate the evolution of the

distance to a fixed point for different step and minibatch sizes,
respectively. PnP-SGD under BM3D is run until convergence
with � 2 {1/L, 1/(4L), 1/(16L)} and B 2 {10, 20, 30}.



For many measurements PnP-SGD converges 
faster than batch algorithms

Sun, Wohlberg, Kamilov, “An Online Plug-and-Play Algorithm for 
Regularized Image Reconstruction,” 2018



For the same measurement budget,  
PnP-SGD gets much higher quality results8 ONLINE PLUG-AND-PLAY
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Fig. 7. Visual illustration of the reconstructed Monarch and Parrot images obtained using PnP-SGD, PnP-FISTA, and PnP-ADMM, all under BM3D. The
original images are displayed in the first column. The second and the third columns show the results of PnP-FISTA and PnP-ADMM with the budget of 30
illuminations, and the fourth and the fifth columns present the results of the PnP-SGD with the budget of 10 and 30 illuminations. Visual differences are
highlighted using the rectangles drawn inside the images. Each reconstruction is labeled with its SNR (dB) value with respect to the original image.

TABLE II
INDIVIDUAL RECONSTRUCTION SNRS FOR EACH IMAGE.

Images PnP-
ADMM

(10)

PnP-
ADMM

(30)

PnP-
FISTA

(10)

PnP-
FISTA

(30)

PnP-
SGD
(10)

PnP-
SGD
(30)

Babara 15.62 21.18 13.32 20.21 23.61 23.90
Boat 15.94 23.10 13.69 22.01 24.87 25.15
Foreman 23.10 29.19 18.46 28.61 29.61 29.80
House 19.23 26.43 15.68 26.79 28.29 28.41
Lenna 15.52 23.17 13.49 22.91 25.30 25.38
Monarch 11.46 19.66 8.80 20.69 23.51 23.65
Parrot 17.29 24.05 13.72 24.32 26.38 26.47
Pepper 15.49 22.90 11.68 22.96 24.92 25.15

Average 16.71 23.71 14.26 23.73 25.85 26.04

confirmed in Fig. 3. The SNR results here additionally reveal
that even with a relatively small B, PnP-SGD is accurate in
terms of image quality. For example, in Table II, we can
observe that the average SNR difference between PnP-SGD
with B = 10 and B = 30 is within 0.2 dB of each
other. Additionally, in Fig. 5, we observe that the batch and
online algorithms approximately achieve the same final SNR
performance. These observations suggest that while there is an
order of magnitude difference in accuracy between B = 10
and B = 30 when measured in terms of the distance to a
fixed point (see Fig. 3), the difference is relatively mild when
measured in terms of image quality (see Fig. 7), with smaller
B nearly matching the image quality of the batch algorithm.

VI. CONCLUSION

The online PnP algorithm developed in this paper is bene-
ficial in the context of large-scale image reconstruction, when
the amount of data is too large to be processed jointly. We
presented an in-depth theoretical convergence analysis for both
batch and online variants of PnP-ISTA. Our work represents
a substantial extension of the current convergence theory of
PnP-algorithms for image reconstruction. Related experiments
are also presented to empirically confirm the proposed propo-
sitions and to elucidate the higher efficiency of PnP-SGD in
different representative situations. Future work will aim to
apply the algorithm to other image reconstruction tasks, relax
some of the assumptions, and extend the theoretical results in
this paper to ADMM and FISTA.

APPENDIX

A. Preliminaries

We start by reviewing the key concepts useful for our
analysis. A more complete description of these ideas can be
found in literature [5], [44], [45].

We will represent denoisers as functions D� : Rn ! Rn

that depend on � > 0. We will also use a shorthand notation
G� , I � �rd to denote the gradient-step operator, where I
denotes the identity operator. We will assume that all operators
are defined everywhere on Rn.

original PnP-ADMM (30) PnP-FISTA (30) PnP-SGD (10) PnP-SGD (30)
Sun, Wohlberg, Kamilov, “An Online Plug-and-Play Algorithm for 
Regularized Image Reconstruction,” 2018
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We are increasingly reliant on implicit regularization using nonlinear 
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We live in an era that presumes Big Data to be the 
solution to all our problems. Courses in data science 
are proliferating in our universities, and jobs for data 
scientists are lucrative in the companies that 
participate in the data economy. But I hope with 
this book to convince you that data are profoundly 
dumb. Data can tell you that the people who took a 
medicine recovered faster than those who did not 
take it, but they can’t tell you why.

Judea Pearl

The belief that data can tell the full story is a 
misconception. To produce truly useful insights, 
data must be combined with models that infuse 
what we know about the problem.


