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Modeling Micromixing Effects in a CSTR

CSTR, of all well behaved reactors, has the widest RTD i.e &> =1. This means that large differences in
performance can exist between segregated flow and operations at maximum mixedness conditions.

The easiest thing to treat is the case of a premixed feed. A number of models exist. Among them some
are based on population balances.

Let us consider the population balance description of a CSTR.

Consider that the fluid in the reactor can be represented by fluid elements of the same size but with
different reactant concentrations. The fraction of the fluid in the system that has concentration of

reactant A in the range between Cp and Cp + dCyu at time t is l//(C A,t). The probability density

function of interest is a two place function 1//(C A,t) . Here we assume that the fluid is premixed in the

feed. If that was not the case, then for a reaction between A and B we would need a 3 place function
w(C,,Cy,t). For the premixed case

l// =!//(CA,t)

The general population balance equation is:

dy WwR,) = 5 1
S+ =44 D-B==(y, — 1
o Toc t(lﬂm v) (1)

Define the moments of the p.d.f.

CAM CAM
u=[ CydC oy, = j w dC =1 by definition of
CA”I CAm

Acknowledge that the time rate of change of the property characterizing the p.d.f which is reactant
concentration is the reaction rate i.e

dC
4 _ RA
dt
where R is the rate of generation of A by reaction (hence for a reactant it is negative).

Then consider obtaining the moments from the above partial differential equation.
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If @ = const, not function of Cx
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In the formulas below we anticipate the result that g, = 1.

@
2)

n=0=ou =o



ChE 512 — Chapter 9 Spring 2005

@
n=1= E[/Jl,uo + /JOM] = Ot Hy = OH,

n=2= %[ﬂzﬂo + 241 + po i, | =%[ﬂf + 41, |

2 2
_or » _ 19 2| o 2
—E[O_ +2/u1j|_w{ > +ﬂ1}_2ﬂ{ ) +ﬂ1:|

n=3= %[ﬂmuo +3/u2:u1] = %[:‘% +3/u2:u1]

The following equations for the moments are obtained:

C
d o @ (N 1
ﬁ—n_[ C"'R,(C)y(C) dC+—nz e M a)yny()::(,un,m—,un) n=0,1,..(2)
dt B 2" =\ k t

For n =0 we get:

d 1
%+a)uo2 — o, :t:(ﬂw‘" _u")
d 1

%2?(/10,171 _IUO)

t=0 Hy =1

Since g, =1, then it follows that g, =1 always.

For n =1 we get from eq (2):

CAM

d 1
K [ RACWCUC+0 ity = ity == (11, = 1)
CAVH
— C
ac, ¢ Lie _ o
: _C{ R(Cw(C)dC+=(C,, ~C,) ®)
(=0 C,=C, (32)

Valid for: i) non-reactive tracer Ry =0
i) transient reaction

., d
ii1) steady state reactor with — =0

dt
Can
1. Need to express J. R, (C)y(C)dC in terms of the moments and close the equation for the
CAW

moments.
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2. Need to relate S to experimental or theoretical descriptions of turbulence and micromixing in the

system. First get equation for ¢ (n=2).

Forn =2, we get from eq (2):

Cuy

J CRAOWOC+E it 1t )= o =, ]

Cy,

am, _,
dt

But u, =0’ + 1/

do
dt

2 Cay 2
+24, d;t‘l -2 j CR(C)y(C)dC — w(% + ,ufj

Chp
+0)(02 +ﬂ12):%[a§z + A, _02_'”12}

C
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do !

t =2j CR(C)y(C)dC -2y, j R(C)W(C)dCJr%az

C,,

=2 (5 — 1) = %[Oﬁ —o’+ (ﬂlz,in - )]

Now let 2 =wm and obtain the final equation for evolution of the variance of concentration
fluctuations.

Cy

d 2 v _ 1 ~ al

; =2 | (C—CA)R(C)I//(C)dC—ﬂGZ+t:[057—UZJ“( Aa_CAﬂ @
CAVV'I

t=0 o’'=o] )

Based on the population balance for a perfectly mixed vessel of V = const on a global scale i.e

l/7 = l//out
where

w(C,)dC, = fraction of fluid elements of concentration between Cp and Co+dCxp

we arrive to the following two equations for the mean

C,=[cp(cpdc,

and the variance

o =[(C,~Cyw(Cdc, = [Cic ydc, -C;
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dC, 1

4= [R7(CC,+2(C,,~C)
do’ = \p o2 —o24(C, -C,) ;
” = 2I(CA _CA )RAl//(CA)dCA +t:|:(7m -0, +(CA0 _CA) :|_ﬂ0-c
where ¢, =R, and 0., =0,

Consider first a reactor at steady state and a first order process Ra = - k;Cx

0=—k [C,7(C,)dC, +%(CA0 -C,)

assume also no concentration fluctuations in the inlet line C,, =C,, , o’ =0

co

We get
0=-kC, +%(CAO -C,)

which is the formula for a perfectly mixed CSTR. Moreover from eq (4)

0= _2kl_[(CA _éA)CAW(CA)dCA +%[_O-3 +(CA0 _éA )2:|_ﬂo'c2

o = (&]Z oKD Dal

“\C,) 1+pT+2kf ° 147 +2Da,

Spring 2005

€)

(4)

(3a)

(42)

The mean value of the concentration C, in unaffected by concentration fluctuations, we know that first

order process is independent of micromixing, but the variance of concentration fluctuations is affected
by the Damkohler number for the reaction. At fixed collision frequency /£ the concentration

fluctuations increase with increase in Da, = k,? .

At fixed Day, an increase in B reduces &. .

Now consider a 2nd order process in a reactor at steady state
_ 1 =
0= _kszjV/(CA)dCA +t:(CAo -C, )

0=-2k[(C,~C,)C2w(C )dC, +%[0—a§ +(c, -C, )ZJ—ﬂaz

(3b)

(4b)
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This yields (1st equation)

—k, (o? +5j)+%(CAO -C,)=0

or
T C 4o~ C,
k(Ci+a?)
C (30)
1-c,/Cc,,
Da, = — . —
(C,/c,,) +ol/C,
Since
_ -lelvdk7(C, ~kotT)
C, = -
! 2k,
Clearly
Ciiy>C,
EAmm mix > EA[)arfiul aegregation
XA nnnnnnnn - partial sequence

Reactor performance clearly depends now on concentration fluctuations. We cannot obtain
C, without knowing o. However, solution of eq (4b) now requires the third moment of the %(C,)

density function. Thus, we encounter the problem of closure, i.e we would need then one more equation
for the third moment but this would introduce additional moments, etc. Two approaches are possible:

1)  we can assume the form of w(C,) and calculate the required third moment from

this form.
or

i1)  assume that concentration fluctuations are symmetric and therefore the third central
— \3
moment (skewness) of the y/(C)) is zero, 1.e: I(CA — CA) w(C,)dC,=0

This implies (if we define x, = j C'w(C)dC, and u, =C,, u, =0’ +C>) that
#=3,C, +3C; = Ci = p; =3u,C, —2C; =0
Hence 1, =3u,C,+2C}

Therefore we get

I(CA _EA)Cj l//(CA)dCA = _EAIUZ =34, 5A _262 _EAIUZ
=2C,u,—2C3 =2C 0’

6
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This yields

(kz?EA)z [(gj +1] :(%j (4k2t_5A+ﬂt_+1) (4c)

Now eqs (3c) and (4c) must be solved simultaneously for C, and o’ provided of course f is given
and kinetic constant kj is known.

Although based on an ideal (exponential) RTD this is now a one parameter micromixing model for a
CSTR with imperfect mixing on molecular level. The parameter is . How can £ be obtained?

1. If we could measure concentration variations around the mean in a steady state reactor then o’

would be given directly and we could calculate C ', from eq (3b) and B from eq (4b). However,

in that case we would also know C, by direct measurement and this would not be a useful

predictive method but could be used to test the theory. It is not easy to measure concentration
variations on a small scale in an exit line of a reactor or in the reactor itself. Methods for this need
to be developed.

2. We could perform a tracer study. Suppose we introduce a step input of tracer C,H(t). Then
v, =0(C—-C)) and the tracer is non reactive so that R = 0.

Then the equations for the first moment and the variance become:

ac =é(cu -C) (3d)
dt t
do® 1 —

—e=—[-0l+(C,-C) |- po (4d)
C=C,(1-¢"")
62 B C2e—t/7 e—t/? _e—ﬁf(t/?)

C o ﬂt_—l

Bt > o’ =0 perfect mixing

2
Take do. =0 =1,

dt
En(ﬂt;l)
A

max 'Bt_ _ 1

()



ChE 512 — Chapter 9 Spring 2005

If one could accurately measure af vs t then one could experimentally determine the time, tyay, at

which o’ is maximal. From ty,.x and eq (5) the value of S can be calculated.

If the flow through the tank does not contribute much to its hydrodynamic behavior (large ¢ , high
RPM, large Re, well baffled system) then a batch tracer experiment is easier to perform i.e
introduce m,d(t) of tracer in a vessel with no net flow in or out i.e # — .

Then
dC
220 3e
% (3e)
do’ )
< =-fo 4e
7 po. (4e)
— m
t=0 C=—"L ; X0
v . (0)
T unknown
In o’ =(n o - Bt (6)

A semilogarithmic plot of /no’ vs t should yield a straight line with a slope of — 2.

Evangelista, J.J., Shinnar, R. and S. Katz, AIChE J., 15, 843-853 (1969), from which the above
treatment is taken, try to relate £ to the degree of segregation J of Danckwerts by

:l_VAR(al.) _ 1 _ 7)
VAR(er) 1+ pt

The question still remains how to measure concentration variations on a small scale in the outflow.
One should also prove that the ones in the outflow have the same variance as the fluctuations in
the vessel. Scattering of light due to gradients in refractive index, fiber optics and colored tracers,
micro-conductivity cells have all been suggested. The student should consult the turbulence
literature for possible experimental tools.

Another approach is to assume that fluctuations on small time scale are related to space
fluctuations at a given time. A fast responding instrument records values of C over

At=¢ interval and finds C and o for the interval. The question then arises on how to show
that the values obtained are independent of & over a range of €(0,&,) and that the space and time
variations are correlated. Statistical methods need to be consulted.

3. The final approach is to calculate £ from turbulence theory or more specifically the theory of

isotropic turbulence. To do that we need to digress and review briefly some key concepts of
turbulent mixing.



