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2. Basic Notions of Mixing and Turbulence

By mixing we understand the process of achieving a uniform composition by forced and random
movement of fluid elements. Chemical reactions cause compositional differences in process vessels.
Gross fluid motion reduces the scale over which such differences exist. Molecular diffusion reduces the
intensity of the differences.

Thus we need to introduce two measures of the state of the system and consider their evolution in time
or space.

Scale of segregation, Lg, is a measure of the average size of unmixed clumps of the original
compositions e.g. pure components.

Intensity of segregation, I, is a measure of the difference in concentration between neighboring clumps
of fluid.

The vector scale of segregation for spatially distributed mixtures of arbitrary complexity is given by

Tmax

L= [g(F)d(F) (1)

o

where rm,x = max (7 ) allowed by the physical limitations on the apparatus, and g, (7 ) is the vector
correlation coefficient:

- >.(C(E)-O)(C(E+7)-C)

7)= — 2
where the summation is taken over many points at various locations z. Then
- 1 ~
C=— z C (z) 3)
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or in a continuous representation

[(cz)-O)(CE+7)-C)dv

&)= [cc@-0rav 22

v

Ezé.[C(E)dv (3a)

where V is the volume of interest.

Clearly gV(F ) is a scalar function of a vector quantity and can in general depend on direction

g, (5 ) — 1, and for random mixtures g, (|r| — oo) =0. If a mixture has a regular structure then g, (17 )

might be periodic in the appropriate direction.
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The intensity of segregation for the whole system could be defined by:

;I(C(z)—c‘?)2 dv
[ =—r &)
| C

Neither eq (2) or (4) are particularly useful because they would be extremely difficult to execute
experimentally and yet L, or I cannot be readily predicted. However, the question arises as to what one
considers "a point" so that a point is still large enough for concentration to have meaning. We will see
later how to reduce these quantities, based on a number of simplifying assumptions, to a usable form.

First, in Figure 1 we illustrate how mixing of an initially segregated state can reach a state of a
homogenous mixture. Laminar mixing involves flow along welldefined streamlines and continuous
folding (and in other flows also thinning) of the initial zone containing only material one (say dark
stream in Figure 1). After some time has passed diffusion takes over to create a final state. However,
the same type of initial mixing would happen in any inviscid flow, say irrotional flow where the

tangential velocity within a circular element is u, =2—. Once the distance "striation thickness"
r

between stream lines containing material A (dark) which is mixed into material B (white) is reduced to a
scale over which diffusion takes place rapidly diffusion ultimately takes over. If one would reverse the
flow before diffusional effects are felt one would be able to reconstruct the starting condition of the
material. This has been proven experimentally by G.I. Taylor. After diffusion takes over entropy of the
system is increased and reversing the flow cannot bring the system to the original starting point.

FIGURE 1: Successive stages of a batch mixing process

a. Initial State

b. Intermediate State c. Intermediate State
for Laminar Flow for Turbulent Flow
< S
A0 I
o) o &
&9 Vf\%

d. Final State.
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Turbulent mixing occurs by eddy motion. Turbulent fluid motion is an irregular condition of flow in
which the various velocities, concentrations and other quantities show a random variation with time and
space coordinates so that statistically distinct average values can be discerned. Turbulent motion
consists of super-position of eddies of various sizes and vorticities with distinguishable upper and lower
limits. The upper limit is determined by the size of the apparatus (its smallest dimension, usually). The
lower limit is determined by viscous effects and decreases with the increase in the average velocity of
flow (other conditions being the same). Within the smallest eddies the flow is viscous in nature (Reeqdy
= 0(1)) and molecular momentum, mass and heat transport dominate. Still the continuous approach
(also the notion of concentration, etc.) is justified even for the smallest eddies. In gases at # = 100 m/s
their size is of the order of 1 mm which is much larger than 104 mm which is of the order of the gas
mean free path. In liquids the smallest eddies are of the order of 100 xm = 0.1 mm but the "mean free

path" is orders of magnitude smaller than in the gas. Turbulence frequencies vary between 1s-! and
103s-! while molecular collision frequencies are of the order of 109 to 1010 -1,

Laminar mixing is extremely important in a number of polymer processing schemes. If the geometry of
the system is known, the flow is strictly laminar and the initial conditions are known, rigorous
hydrodynamic models with superimposed diffusion equation can be developed. For details see Ottino et
al. Chem. Eng. Sci., 34, 877-890 (1979) and AIChE J., 27, 565-577 (1981) and more recent Ottino's
work. The problem, although computationally involved, is doable. Often the key problem is in
specifying the initial flow pattern and initial mixture state correctly. Simplified, but useful, approaches
in terms of the reduction of the striation thickness to the point where diffusion takes over are also used.

Consider a batch system in state I. Then suddenly expose the fluid to shear motion i.e by moving top

plate at velocity, O =u L

T8 State II is obtained after time 7.

FIGURE 2: Snapshot of a single lamella of fluid A exposed to the shear induced by velocity
field of eq(1) over time period of 7.
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ldt  dint G

ov
Q(t)= - _
(1) ¢ dt d  1+G*%

_u_ov
L Oy

dint

In a good batch mixer one wants to maximize (— j i.e to maximize the rate of decrease of

¢ w.r.t. ¢ . This maximum occurs when ¢ = £ and @ =45° :% .
u

An ideal simple shear mixer should operate at this preferred condition by continuously reorienting the
fluid. The mixer dissipates energy at a rate per unit volume of

2
o _(_dﬁnﬁj 9% 6 1 a
e dt max 1+G2L2 2 2 /,l
G

Hence, in a shear mixer (— dfnﬁj < 1le < l\/; where &, =¢p
dt 2\ 2\v

Ottino shows that in stagnation point flow

This achieves the maximum possible rate of change in striation thickness with power dissipated.

4
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In laminar flow

P Cu C )
pN°d’ :dz;Vp:R_e N,=CRe

P=CuN*d’

éV:§= UN? Qm\/g—T:JaN
Y7

NZL’F
C\u

The representative strain velocity  [— is directly proportional to agitator speed and the rate of
Y7
reduction of striation thickness is directly proportional to agitator speed (rpm).

Now recall again the definition of

dint
Q) =—
()=-—
so that
uZ
?t
Q(r)=

=L _
(1+L1i2t2j

One can show by geometric considerations (see our discussion of the lamellar model for mixing and
reaction) that:

Thus —Q(t) is the gradient of the velocity component in the direction of striation thickness taken in the
direction of the striation thickness. Since Q(t) >0 1in our shear flow striation thickness decreases with

time but at Q(t) <0 it might increase. This is indirect proof of reversibility when only streamline flow
is considered.
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g\/

2u

Since Q = then mixing efficiency can be defined as

Q(1) _—dint/dt

TG JE I 2u

The maximum efficiency then of a simple strain mixer considered here would be

= 0.707

V2

(nmix )max strain

V2

Higher local mixing efficiencies are possible. Theoretically, in stagnation flows one could achieve
M. =1. If such efficiency can be maintained at all times

0o i :_dfnﬁ
2u dt

then the striation thickness decreases exponentially with time:

i—exp — é“t
£, 2u

This gives us some incentive to use stagnation flow type mixers, e.g. impinging opposing jets, etc.

Thus, we could in a way let the striation thickness be reduced by folding up to /. where
ﬁ 2

c

4D

T, = O(z'k) . Then we consider diffusion and reaction in elements of size /.

A better way is to recognize that diffusion is important only in the direction z of striation

thickness /. Then in a Lagrangian system of reference, i.e following a particular fluid element, we
could write an unsteady state balance (z coordinate perpendicular to lamellae).

2
ﬁzDﬁ—f—v(,ﬁJrR(c)
ot oz oz

Dl q(
However, since Az
v, =€z

so that we have

2
o g 00,0
ot oz oz*

+R(c)
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One can define a new dimensionless time @

0= Dj'dt'

and dimensionless coordinate in the direction of striation thickness

This transforms the equation from (t,z) to (6’,5) coordinates. Hence

o §0”’6’+§§§ Do zdlJd

ot G0t GESt (PA0 P dt OF
o Do

ot 2o 9@_5
o 20 o 10
—+——==0+——
2z 000z O oz ¢ o
> 1
o7 138
J Oc D /¢
€ _e= +R
Yar) -0 5 Qe (c)
e O*c¢ 1P

0 oF +BR(C) (*)

-1<£<0 c=0
1c. =0
0<£<1 c=c,
1 OJec
=+t— — =0
B.C. ¢ =%3 o

To solve eq (*) we must know ¢* as a function of 6

— Stagnation flow mixer
Ei =exp (=€, /2u 1)
?=0e? e 2ut

t
é,/ "V
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22 .
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% = 1z 4, _/D Substitute into equation (*)
Sop [E g4
D \2u

— shear flow mixer

(= to
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30° 2 orter V27
S, = 20 | =6t ?1 2
2G°D (G 4G'D ]

t=s;+ts)
Substitute t = f (9) in the expression for ¢ and use to solve equation (*).

Similarly, a different expression would result for mixing in other type of flows.

One should note that instead of striation thickness one could also think in terms on interfacial area per
unit volume by defining

dinl dlna,
dt dt

Q(1)=-

Equations describing the behavior of Q(t) show how the scale of segregation, ¢, decays or changes in

time. Eq (*) describes how intensity of segregation decays by molecular diffusion even in absence of
reaction.

For the example treated above show how the intensity of segregation behaves as a function of time.

Turbulent mixing can probably be best depicted as shown in Figure 3 taken from Brodkey. Following a
fluid element the mixing process in time proceeds from the upper left corner to lower right corner. The
scale of segregation (striation thickness) is reduced moving from left to right. Intensity of segregation is
reduced moving from top to bottom. Both processes occur simultaneously. However, initially when
there is little area for diffusion and L is large, reduction in the scale of segregation is important, then at
small scale of segregation diffusion dominates. Then the area for diffusion is large and moreover the
eddies are already at their smallest size beyond which all dissipation occurs by viscous means. Thus, in
the most simplistic, but useful, approach one would need to estimate the characteristic time for
macromixing, ty,, i.e the time required to reduce the scale of segregation to the size, l., where diffusional

effects are dominant. Then the microscale for diffusion is 7, =¢>/D. If the characteristic kinetic time
t,>> ty, then the problem is tractable and the method of solution depends on the ratio of 7, fot,. If

however tx < t, then one has a complex problem when all three processes: reduction of the scale of
segregation, reduction of segregation intensity and reaction all occur simultaneously. The only
simplification in this class of processes occurs when ¢, <<t <<, when reaction occurs on surfaces of

the eddies.
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FIGURE 3: Mechanism of mixing.

Reynolds Transport Theorem

If P is property of the system per unit mass (property P must be conserved), 7, is the molecular flux of

P and F), is the generation of P by an external field, then for a volume V of the fluid medium containing
a certain amount of property P one can write

(acc) = (in) - (out) + (generation)
d -
E”J.Pp dV = —[ﬁ 7,ds +J.”deV
Use of Gauss-Ostrogradski's theorem gives

%”;J‘Pp av :—I“UV-fpdV-km'deV

By Reynolds transport theorem

V —V writ fixed coordinates

10
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o (P 0 )

7+V'(\7pP):—V'fp+Fp

In order to better understand the various approaches in modeling such complex phenomena one needs to
get acquainted with the basic notions of turbulence.

First of all in a Eucledian space in the Eulerian description of the flow field (i.e in a coordinate system
fixed with respect to some reference point in space) the velocity field is described at each point. A
balance on any transferable property P defined per unit mass is given by:

3 3 2|7, )
Zom=3 L upr) 3, )

j=1 €X

+F, (1)

j=1 X

(accumulation) = (in-out)py flow + (iN-0Ut)molecular + (generation)
7, - transport flux by molecular effects defined as positive in the positive x; direction

For example if P =1, 7, =0, F, =0 eq (1) will yield the total mass balance or the continuity equation. If

we want the momentum balance in the i-direction then P = u; because u; is the momentum per unit mass
in the i-th direction. Then

(Tu,» ) P

Thus, o, is the stress (force per unit area) in the x; direction exerted by the fluid at the positive (upper)

side of the surface element perpendicular to the x; direction on the fluid on the negative side of this

surface element. The stress o ; is positive if directed in the positive x; direction which implies that the

molecular momentum flux (ru, ) _is in the negative x; direction. For that reason is the convention of the
'

sign introduced.

o ;; is a 2nd order tensor (3 x 3 matrix) containing nine components since i,j = 1, 2, 3.

One readily shows in transport phenomena that the derivatives of the velocity vector components can be

expressed in the following form:

ou 1 | ou ou, 1 | oy, ou,
- |t + L+ - 4 - —£L
ox; 2 |ox OX, 2 | ox, ox,
component of the component of
Dj; symmetric Q, vorticity

deformation tensor

11
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or in tensor notation (summation over repeated indices),

1 1
o, =—D. +—ngi/.k

ox, 277 2

where
0 two equal indices

&; =911 unequal and even perturbation
—1 unequal and odd perturbation

is the alternating tensor.

For Newtonian fluids only, in tensor notation

2
0, =—P6;+uD; - gﬂ%ﬁ

0 i#j

where &, ={1 7 and P is pressure
. i=

Ou, 3 Ou,
f=—-=>) —=V.
ox, ; ox,

non tensor notation

2
—p + uD; =3 pO uby, pDi

2
g= uDy — p + uD,, — E u1O uDb,;

2
uDsy uDs, — p + pDy; — 3 uo

For an incompressible fluid p =constand 8 =0.

For a fluid at isothermal conditions or when there is no change in viscosity due to reaction g = const.

The i-th momentum balance from eq (1) becomes

a__ N O i
P ot p;é’xj (ujul)+; X, +h
3 o B 3 ﬁ”; 3 %
;axj (u]ul)—u,-; ox, &M ok,

12
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3 0o . é’p 3 "
LI i y
; ﬁxj Ox. ,uz ﬁx;

i 9
Dt ot = Ox,
Then the i-th component of the momentum balance becomes:

Du, op 3. 0%,
L= E iy — L4+ F 2
D ox ”jz; o @

J

where F; is the body force acting in the positive x; direction for i = 1, 2, 3 the above represents the usual
equations of motion for a Newtonian, incompressible fluid of constant viscosity.

In the turbulent flow field the velocity vector components are customarily decoupled into the time
averaged part and fluctuating part

U =U +u alsoP=P+p

where

17'
:?IU(I+7)dT

o

S

and the interval T is large compared to the reciprocal frequency of turbulent oscillations.

By substituting the average + fluctuating components for the instantaneous values into eq (2) one gets

D 17 . D 277 2
pal '”'):—jpwi%m{ﬂiﬁ”§+f,-—ﬂp} (2a)
X

Dt ox

i e OX =1 OX; i

Now we can time average eq (2a) and recall that as long as differentiation and integration can be

interchanged (implying continuity of the functions and their derivatives) the average of the average
property is the average itself while the average of the fluctuating components is by definition zero since

13
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G

Il
N —
S I

15—, 17
u[(t+r)dr:?‘! idr+;!ui(t+r)dr

_ 1%
U, + ?;!. t+r
S

Hence u, =0

Then we get

D(U, +u, AP 5 %0 —
R o0

. _ _ 3
l;t ~ T 4 +Z(U1+”j) P -

s (4)

ou, o0+ o0,
=0 L =0
Jz—;axj ; ] J=1 j
Then
_ 3 (U +u.
(U,+ui)z( jﬁx‘ ")=0

14
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Uia iﬁﬁj A
if=1 ox, = = OX; ij=1 ox;
_123:0" ; +uiz3:5uj 0
P é’xj = é’xj

One can add then u, L =0 toeq(4) to get:
j=1 OX;
D(Ui—i—u.) DU 300
i i {
+ uu 4a
Dt Zé)x \% l) ( )

J=l

Substituting (4a) into (3a) we get

DU é’p 3 0»‘)217 3 é’ L B
ok o —\uu,; |+ F 3b
P Dt ox, ﬂ; é’xf ,0; é’xj (uluj) , G3b)

Compare eq (3b) with eq (2). We see that turbulence has introduced another component to the stress
tensor due to turbulent fluctuations.

Thus in turbulent flow the stress tensor i1s modified:
(O-ji )turbulem - _Pé‘ji + ,U Dji N pujui
—_—

—pu,u; are Reynolds stresses arising from convective accelerations due to turbulent motion.

. T

uu, :%J.ui(wrr)uj (t+7)dr

Recall the definition of o, - force per unit area in xj-direction executed by momentum transport in

negative xj direction. Then —pu; is the turbulent x; momentum executed in the +x direction.

—pu,u, 1s the turbulent momentum in the x; direction by momentum transfer from x, direction.

The turbulent transport of a scalar property I', such as concentration (I'=T +7) yields the following
set of equations under the same assumptions as made above:

J=1

o -3 x( %J—i%@)% ©

Now a correlation between velocity and concentration fluctuations is needed uj_y/

15
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Two simplified ways to treat with the above problem is through the introduction of the concept of
mixing length (Prandtl) or by the use of Bousinesq approximation which introduces apparent "eddy"
viscosities and diffusivities by assuming that the turbulent transport is of the gradient type

— 7 OU.
_uluj = UIDU = Ut & + J
ox, Ox,

—_ 3 dfw df‘

—uy=Y (D) —=D —
uy Z( t),'j é’xj té,xi

J=1

Although many chemical engineering problems have been approached by this methodology its
limitations and flaws are clearly pointed out by:

Hinze, J.O. Turbulence. McGraw Hill 1975
Tennekes, H. and J.L. Lumley. A First Course in Turbulence. MIT Press, 1972.

The problem of the unknown fluctuation quantities can be solved by either representing them as
dependent variables by specifying the correlation for their evaluation as functions of known quantities.

Bousinesq concept is used:

ou, o0, 2
—uiuj :Ut —+ - ijk
ox, 0x, 3

v, - turbulent kinematic viscosity not property of fluid but of turbulence field. The second
term of the above expression is not present for incompressible fluids.

1.  Zero equation approach

¢ - mixing length obtainable in some flows from algebraic equation (e.g./ = 0.4y in pipe flow)

2. One equation approach

v, =C k"1
/— algebraic eq
2
k =% turbulent kinetic energy

16
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3.  Two equation approach

v,=Ck’/e

& =turbulent energy per unit mass

k —& model
- oU, .
v, ok _ I ( u, ok o ﬁU,+ ; ﬁUl_pg
ox, Ox\ o, Ox, ox; Ox; )Ox,;

LU, =
ox, Ox\ o, dx k

1

ox,  Ox; ) ox, k

Lander & Spalding.
Cy=0.09,C;1=1.44,C,=1.92, 0,=1.0,0,=13

4.  Reynolds Stress Equation

- o0U, : :
de _ O [y ce +C1,ut5[5Ul+ ,Jé’Ul_Cze_

Spring 2005

Differential equations are specified for all six components of the Reynolds stresses:

<uu, >

Energy Balance

Now we consider the energy balance. Total energy is the sum of kinetic and internal energy if the
potential energy due to gravitational field + electromagnetic energy can be neglected. Thus:

Taking P = ¢ in eq (1) we also realize that

= A— - U.
(z-g)j é’xj G./z i

— , energy transport by shear
conduction transport

A—1s conductivity and T is temperature.

For a Newtonian, incompressible fluid we then get

e & o, a1 &, P & ol (au au,
ZENC 1 ISy £y L+ — U,
" "Di ZﬁxL ax]] 2V 5 Zzax{”(ax é’x} }

j=1 ;=L =l

(1) (1) (1) (1)

I - local change of energy due to accumulation and convective transport

17
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I - conduction
Il -  work due to pressure gradient
IV - work due to viscous stresses

An internal energy balance is possible based on the first law of thermodynamics and results in:

y & ou, dU,\au,
SLon ( jJ+UZZ(é’x +ﬁxl.]§x @

Jj= 1

1
Dt p
(The rate of increase of internal energy) = (net rate of energy transfer by conduction) + (heat generation
by viscous dissipation i.e work of viscous stresses).
By subtracting eq (7) from eq (6) we get the kinetic energy balance:

; s - ouU, - 0U,\au,
T X e M 3 L B B e B e e
Dt 2 j=l P j=i é’x i=1 j=1 é)x ﬁxj é)xi é’xj é’xl. ox,

J

where v = fad
P

This can be rewritten as:

16 3 51,
r5gu e A5 g
(1) (1)

(II0) (V)

(Local rate of increase of kinetic energy) = (change in convective transport of pressure and kinetic
energy or work done per unit mass and time by the total dynamic pressure) + (work done by viscous
stresses) - (work dissipated into heat).

From the above eqs (7) nd (8) it is evident that the loss in kinetic energy due to viscous dissipation is the
gain in internal energy.

Now introduce the mean and fluctuating components for the turbulent field:

iUf = 23:(712 +2Z3:U[u,. +Z3:u12
i=1 i=1 i=1 i=1

qZ

The following procedure can now be followed:

18
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1) Substitute instantaneous quantities in terms of mean values and fluctuating
components into eq (9) and average all terms.

i1)  Multiply eq (3b) with — Y to get the kinetic energy balance for the mean motion
P

which results in eq (10).

p 2 i=1
(1 ) (I)
33 I 7 3 - _
33|, St ¢ 3w, U)
i=1 j=I é’xj =1 é’xj
(1) )
& o0 - (e0 aUu, & oU, 60 \ou.
‘H)Z Z o : / ou, oY _UZ Z ou, +5Ul ou,
o S ox, '\ ox, Ox = T\ Ox,  Ox; )Ox; (10)
) VI
I - local accumulation of mean motion kinetic energy
I - work done by total dynamic pressure

III - work of deformation by turbulent stresses i # j sgn (_“,_u) . gn(gUi]
x

Term (III) gives a negative contribution to the kinetic energy of mean motion i.e it extracts
energy from the mean motion

v work done by turbulent stresses

V - work by viscous stresses

VI viscous dissipation of kinetic energy into heat

Now subtract eq (10) from eq (9) into which substitution as per i) above was made.

¢ -3

The result is the equation for turbulence energy

r=9
2
1
o57)
2 N o,
=) —u —+I-+ —u,
Dt ;é’xj u"p 2 ;,Z_:‘ (u, 0 l.)
(1) () (1)
&0 (ou ou)) &&fou  du)\ou,
+v : -+ -v -
,Z_l:jz_z‘ﬂx”u’(ﬁxj ﬁxl} ;;(ﬂx ﬁx]ﬂxi (11)

e )

19
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(The change of turbulence energy including convective transport) = (Convective diffusion by turbulence
of turbulence mechanical energy or work by the total dynamic pressure of turbulence) + (work of
deformation of the mean motion by turbulent stresses) + (work of viscous stresses of turbulent motion) -
(viscous dissipation of turbulent motion into heat).

Term (III) appears with opposite signs in eq (10) and eq (11). It extracts the kinetic energy of mean
motion and converts it to turbulent energy. Due to interaction between mean motion and turbulent
motion energy is extracted from the mean motion through work of deformation by the turbulent stresses,
converted to turbulent energy (i.e energy of various size eddies) which ultimately is converted to heat
through work of deformation by viscous stresses.

Recall that by our definitions —<wu; > is turbulent momentum transfer in negative j direction. Often

sgn —uu, =sgn Y, . This means that turbulence will in general decrease in accelerating flows
o ox,

U, : — U : : o
0,’—‘ >0 since ~U; 0”_] <0. In decelerating flows turbulent energy increases. A decrease in static P
X X

in the flow direction decreases turbulence, an increase, increases it.

Consider now the viscous dissipation term that converts turbulent energy to heat (turbulence energy
dissipated per unit mass and unit time).

jﬁu
-] (12)

ox;,

i=l j=1

3 dudu; é’uzé’u ; Oudu, (Ou, ’ ou; ou;
Z + +
o Ox,0x, 0”)6].0"x2 ox;0x; |\ Ox, é’xz 5x3

2 2 2 2 2 2
—l2 Juy o ou, 9 ou, N ou, N ou, N ou, N ou, N ou, N ou,
ox, ox, ox, ox, Ox ox, Ox, ox, Ox,

Also

20
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is the vorticity of turbulence.

Many authors make a vorticity balance too to show that turbulence is rotational in nature. As we see
from, eq (12a) the dissipation rate of turbulent mixing is proportional to vorticity fluctuations. An
approximate vorticity budget shows that on the average turbulent eddies (vortices) are stretched out. It
is vortex stretching that transfers turbulent vorticity (and energy associated with it) from large to small
scale fluctuations. By vortex stretching the smallest eddies are continually supplied with energy.

All this resulted in the requirement for numerous fluctuating velocity components correlations in space
and time. Thus the problem is formidable.

The first simplification is introduced by assuming that the turbulent field is homogeneous. This means
that the statistical properties are the same at any location 7. This implies that all spatial derivatives of

mean turbulent quantities must be zero.

The turbulence energy equation for spatially homogeneous turbulence takes the form (from eq (11))

o LS | du, ou
ﬂt( j U,ZZJZ_I: {ﬂx Jaxl_ (11a)

Spatially homogeneous turbulence is a decaying turbulence field and cannot also be stationary.

However, if we assume stationarity of turbulence at least one term must survive in the RHS of eq (11).
Typically

au ]au.
J (11b)
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Nevertheless most frequently homogeneous isotropic turbulence is assumed with respect to the
coordinate system moving at the mean velocity of flow. In isotropic turbulence the correlations among
fluctuating components are independent of direction. When considering the fate of the smallest viscous
dissipating eddies the assumption of isotropy is not so bad because the rate of change of mean properties
of flow is slow compared to the rate of change of the smallest eddies.

In a nonisotropic field we have to measure the intensity of turbulence in all 3-directions by
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where U ; is the average velocity component in the j direction and (u j) is the RMS (root mean

square) velocity fluctuation in the j direction. These turbulence intensities range from 0.02 to 0.15 in
pipe flow but can be much higher in recirculating flows and turbulent jets. Isotropic turbulence

assumption asserts that at least locally uj2 = const.

The next important step is to relate turbulent fluctuations that occur:

1) over the same time period at adjacent locations,
ii)  atidentical locations over different time periods.

This is treated rigorously in specialized literature. Here we will give the basic ideas. For an isotropic
turbulent field the velocity correlation coefficient in time for a fixed point can be defined as

~ uu
R[(t): ‘_’;Af (13)
ul‘
where the fluctuating velocity u; is measured over a time interval Ag<<At. Clearly as

At—0, R.=1. As At— o, R_— 0. This is the autocorrelation coefficient.

It is also possible to compare the fluctuating velocity component at two different points

Ro=ler - p(p) (14)

The macroscale of turbulence is then given by

‘max

L = LI R, (r)dr

Let us expand f(r) in Taylor series
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by assuming that f (r) is an even function of r
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Since f(r) is an approximately parabolic function then its intercept with the abscissa can be
approximately obtained by setting f(r) = 0 which happens atr = 4,

2l

A= N T 2
) (&

(15)

A, 1is clearly the distance scale of local velocity fluctuations, i.e the scale of micromixing in the x;
direction.

Let us now denote the contribution to % of the frequencies between n and n + dn to be E; (n)dn where

If we define the total kinetic energy of turbulence per unit mass by Ej;

E, = ljgdv:%jiufdv
Vv

2 y i=1

and we get by integration of eq (11)

ox, Ox, é’xj
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Transition to turbulence can be defined by

dE,
dt

For isotropic turbulence it seems

TE(n)dn (16)

The p.d.f. E(n) is Taylor's one dimensional energy spectrum given by the Fourier transform of the
correlation coefficient f (r) given by eq (14)
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2 2
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Now one customarily defines a wave number k instead of frequency n

P
U

Then after a lot of algebra and by introducing the energy spectrum function E (k) for isotropic
turbulence one can show that

%E(k)=T(k)—2uk2E(k)

T (k) = transfer of energy in the energy cascade to turbulence.

TT(k)dk =0

. d7 %
g—E!E(k)dk——Zulk E (K )dk

2 ©
:%J‘#E(rz)dn

o

E(k)dk = E(n)dn

Following key findings in an isotropic turbulent field, there are two scales of dissipation
/If - ;Lg \/5

in direction of main flow, y o and 7, in the transverse direction.
L[ B (k) dle =20 KE (k) dk
dt o o

Change in turbulence energy = heat dissipation

k - wave number of turbulence
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1

k,=2zn/U =frequency of turbulence oo —————
eddy size

high frequency - high wave number - small size
low frequency - low wave number - low size

k = radius vector of the wave number space

dk,dk,dk, = ksin@d e k d6 dk
2 2
S =60 {%] J{ﬁul] +ﬁu1 ou,
ox, ox, ou, Ox,
2 12 12 0
é=—150u" (QJ =30025 =150~ =20 [ K°E (k.t) dk
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where u' = \u

Kolmogoroff's theory of isotropic turbulence leads to the length scale of

(03 jl/4
n=\|—
&

velocity scale v = (05)1/4

f g

v _
9]
) ) ) 1). 1
The wave number where viscous effect is strong is of O| — | i.e, k, =—
n n

Most viscous dissipation occurs there.

Energy containing eddies have a wave number of &, = %

c

Turbulence intensity u'=+u"

Dissipation scale 4,

Integral scale A,
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FIGURE 4: Form of the 3D Energy Spectrum E (k,t)
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Decay of isotropic turbulence follows the following equation (recall that u'= \/u:2 )

12 12
W jout
dt 2

The time constant for decay of turbulence intensity is
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For a scalar quantity (say concentration fluctuations y ).
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Kolmogoroff's first hypothesis:
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At sufficiently high Re there is a range of wave numbers where the turbulence is statistically in
equilibrium and uniquely determined by £ and o. This is a universal equilibrium.

. 3du”® %,
f=-— _20!1{ E(k,t)dk

At the high Reynolds number the range of energy containing eddies k. and the range of maximum
viscous dissipation are far apart ke << kg.

For k >> k. the rate of energy transferred through the eddies is large compared to the rate of change of

their energy - the eddies are in statistical equilibrium.
The total energy supply = total dissipation

&=20[E(k,t)k*dk

Assume then that turbulence in this range is uniquely determined by & and v . The viscosity scale then
by dimensional arguments must be

v= (1)8)1/4

and

3 1/4
n= (V—J Kolmogoroff scale of turbulence
&

Turbulence at the Kolomogoroff scale is independent of external conditions, £, :l. This is not the

maximum in the dissipation curve. Maximum occurs at k77 ~0.5.

We also have for energy containing eddies:

k, =—
0

e

How can one relate this to: u',4,,A,

Define:

!
Re, = Re, = - turbulent Reynolds number
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Equate the dissipation rate to the work per unit time and mass mainly done by large energy containing
eddies.

12 13
é=150"—=A"— 4=0()
g ge

g e
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4 4
Similarly:
A
Re[ = ERej
e _ys0s Re,"”
n
1

;e =15""*4Re,"”

Thus the condition for the existence of the equilibrium range are:

k,<<k, , [(,>>n

3/2 3/4
Re,”">>1 , Re,/ >>1
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Kolmogoroff's 2nd hypothesis:

If Pe is oo, the energy spectrum in the subrange k, <k <k, is independent of v and solely determined
by ¢. This is the inertial subrange

Re, " >>1  Pe, >>1

Now one moves to the energy containing range (low k). Here, ¢,&,0 determine turbulence.

ét?
— =const = R —turbulence Reynolds number
v

This implies that R remains constant in decaying turbulent fields or that

&=Rot™
going back to (*)
12
2 ZRor
dt 3 3

u”=C +§Rutl = total kinetic energy of turbulence

A

Af (t) =A/27vt A_f = const
f
A (t)=~8urt

jE(k,r)dk:%jE(k,z)dk

o o

E(k, t) =8u'v’t’, /@k‘*e_%z“’
V4

u'2 = const t-5/2

Turbulence decay
initial, transition, final . If M = diameter of rod or screen. Inertial period up to % =100 to 150;

: uM
final period 25500 Re,, = 42— 650.
M N
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Initial period u'2 = const t -5/2
uvot’ = const

E (k) changes more rapidly at large k.

For a scalar quantity like the variance of concentration fluctuations the decal law is:

12 -
ddj -2
Vi

and hence the characteristic time constant for the decay in concentration fluctuation is:

The characteristic length scale, A, for dissipation of concentration fluctuations has been estimated by

Batchelor as

/4
D 7/2
7/0 = }/Batchelor = ( . j
&

and by Corrsin as

D3 /4
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From actual power spectra Corrsin reported the characteristic time for the decay of the variance of
concentration fluctuations as:

2/3 2 \1/3
T, = [ij L 7—‘ 0 Se<1
T 3-8\ ¢
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where ¢ is the rate of energy dissipation unit mass and y, is the length scale taken by Corrsin to be:

S \I/3
y, =24 D (L—j
&

where L_ is the characteristic macro dimension (scale) of the equipment or flow field.
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